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Abstract We introduce a semantics for classical logic with partiadtions, in which ill-
typed formulas are guaranteed to have no truth value, sahbgtcannot be used in any
form of reasoning. The semantics makes it possible to migamiag about types and pre-
conditions with reasoning about other properties. Thisesakpossible to deal with partial
functions with preconditions of unlimited complexity. Weasv that, in spite of its increased
complexity, the semantics is still a natural generalizatid first-order logic with simple
types. If one does not use the increased expressivity, fieedystem is not stronger than
classical logic with simple types.

We will define two sequent calculi for our semantics, and prihat they are sound and
complete. The first calculus follows the semantics closealg, hence its completeness proof
is fairly straightforward. The second calculus is furthesag from the semantics, but more
suitable for practical use because it has better proof étieoproperties. Its completeness
can be shown by proving that proofs from the first calculuskmtranslated.

Keywords Logic for Partial Functions Type Systems Multivalued Semantics

1 Introduction

Partial functions occur frequently in mathematics and ogprmming, but they are usually
ignored in logic. In high school, one is taught that one stiadt divide by zero. Simi-
larly, one is taught that Id@) and tarj do not exist, and that the inverse of a matrix can
be computed only when the matrix is non-singular. When dgalvith the semantics of
programming languages, partial functions are essentipbiAter can only be dereferenced
when it is not the null-pointer. A vector has a first elemeriyadhit is non-empty. A file
can only be read from if it is in good state and not at end of filegeneral, we believe that
partiality is more important in programming than in mathéng because in programming
it is not possible to use underspecification. Underspetificaneans that one assumes that
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undefined terms have a typeable value, without specifyinghwalue. Using underspeci-
fication one would define division as a function from real nenstto real numbers, so that
(—1) is a real number, but axiomatize it in such a way that nothizaig loe derived about its
concrete value.

The same thing is not possible with programming languademd would assume that
*p has some value, then the prograns *p; print(x) would be guaranteed to print some-
thing and continue normally. In reality, the program carshrevhenxp has a non-primitive
type (for examplestd: : string.) Although it is in principle possible to design a program-
ming language without partiality, it would be very unnatu@ne would have to attach a
default value to every type or to every operator definitiome Tirst solution would be incon-
sistent with the design philosophy 6f*, because the designer of a class should not have
to provide a default constructor in the case that no natwetludt value exists. The second
solution would be very tedious, and also conceptually moigtic, because in many cases
there simply exists no reasonable default value.

In our view, the main purpose of type systems is to avoid nmegess formulas. Be-
cause if one accepts that ill-typed formulas can have a tralile (or one is confident to
write only well-typed formulas), one does not need any tystesn at all. In that case, one
can use relativization. Unfortunately, if one uses relagition, ill-typed formulas can have
unwanted consequences when they are used as axioms. Tagveddbelieve it is better to
use types. For example, the formulg y:Realx < yVv x=yVy < x can be relativized as
vxy Realx) ARealy) — X < yVx=yVy< x. Both formulas are true in the standard in-
terpretation. The formulsx: Realvy: Complexx < yVx=yVy < xis ill-typed, because
has no meaningful definition on the complex numbers, andadiecker would reject this
formula. At the same time, the formut&y Realx) A Complexy) — X <yVX=yVy<Xxis
stronger than the intended meaning. If one tries to prowfthhimula, then one will probably
find out that it is incorrect. If one assumes it as axiom, itbimectness may go undetected,
and result in unwanted logical consequences. In our view,igithe main purpose of type
checking: To avoid unwanted consequences of ill-typedragio

We want to treat formulas in which preconditions of partiaidtions are not guaranteed,
in the same way as ill-typed formulas, so that such formutamot have unwanted conse-
guences when used as axioms. In order to obtain this, wedgititify preconditions of par-
tial functions and subtypes. Although there may be philbgzmg objections, it is often natu-
ral to do this. For example, the pointer retrieval operatcan be viewed as a partial function
on all pointers, or as a total function on the subtype of nolhpointers. This identification
can also be generalized to preconditions of arity. Higher-arity predicates correspond to
dependent types. For example, the following declaratieraiori1x: Type (List x) — Type,
which specifies that every concrete list has a type of itsftes associated to it, can be
expressed by the binary predicate iterétqy) denoting thap is an iterator of.

If one identifies preconditions and subtypes, then undeifspation becomes a form
of relativation, and it has the same disadvantages that readyl mentioned above. (That
preconditions cannot be checked in axioms, and that axie@t@be too strong if one forgets
preconditions.)

Because of this we introduced a new approach to classidalvath partial functions in
[10], which we call PCL (forPartial Classical Logig. It is based on the following consider-
ations: First, there is no natural point, at which one cap stiding complexity to the type
system: If one has simple types, then one also wants subtypesection and union types.
If one has those, then one also wants partial functions.dft@s partial functions, then there
is no a priori border on the complexity of preconditions, éinere is no simple system in
which all possible preconditions can be proven correcthisway, one naturally arrives at
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a system in which unrestricted first-order logic is used fgressing type conditions and
preconditions.

Secondly, we want to be able to introduce new functions aedipates in a conservative
way. This means that a group of new symbols with some typedtret) properties can only
be introduced, after it has been proven that a group of abjsith the desired properties
exists. In general, one will need additional set axioms ghéi-order axioms that allow
the introduction of new objects. Assuming that one has aqsrept of axioms, one can for
example prove that there exist a sét, a 0 .4, and a functiors, with propertyVvx x €
A — s(x) € A. These existence proofs can be quite complex and have tedaotit
in first-order logic (combined with the additional higheder or set theory principles), It
is therefore natural to keep the typing properties in firsteo logic, since otherwise, one
would need an additional interface to the type system.

The third consideration is that we want to keep the stricrgssimple type theory: It
should be impossible to assume something that is not wedletyand derive consequences
from it.

Based on the first two considerations, we will use first-otdgic for expressing type
conditions in PCL. In order to fulfil the strictness conditjiave will use the notion oftrong
validity. Intuitively, a sequenfy, ..., F Ais strongly valid, if it is valid in the usual sense,
and in addition each assumptifnis guaranteed to be well-typed if one has assumed the
assumptions that occur before it. If one of the assumptipasnongly, ..., n is not well-
typed, then the sequende,...,l; cannot be completed into a valid sequent, so that the
strictness condition is satisfied.

In order to deal with type information in quantifiers, PCL Ina® additional operators,
lazy implication[A]B andlazy conjunction{A)B. Their semantics can be obtained by looking
at the semantics of quantified formulas in simple type theamy trying to obtain the same.
A formula of formx: X P(x) can only be assumed when it is well-typed, which means that
it must be possible to prove thBfx) is well-typed under the assumptionX. Otherwise,
strictness would not hold, and it would be possible to decivesequences from ill-typed
formulas. Lazy implication has exactly this semantics. Tavenula [X(x)] P(x) is well-
typed, only when the assumptiof(x) implies thatP(x) is well-typed. This means that,
before a formula of formvx [X(x)] P(x) can be assumed, one has to show P& is
well-typed under the assumption thé&fx) is true. Because this check will fail for ill-typed
formulas, strictness is ensured. For example, the forrjg/Realx) A Complexy)] x <
yVy < xwill fail type checking, and because of this, never occur étrangly valid sequent.

Lazy conjunction is similar to lazy implication, but intezdifor usage withl. The con-
junction (A)B is true if both ofA andB are true, and well-typed if well-typedness®tan
be proven from truth ofA. This ensures thaixy (Realx) A Realy)) x <y has the same
meaning aslx,y: Realx <.

In addition to the lazy operators, PCL keeps the standatiddbgperatorsh, v, — and
< . Their truth value is defined by the standard truth table. Myping conditions are that
AxB is well-typed if both ofA andB are well-typed, independently from each other.

2 Comparison with Existing Approaches

In [3] and [4], the authors introduced a way of dealing withtigfunctions which they call
thetraditional approach to partiality (The approach in [13] is very close.) In this approach,
(1) variables and constants are always defifgformulas are always true or false, af8)
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atoms (including equalities) containing undefined subseamre always false. The authors
claim that this is the approach that is informally used byrttegority of mathematicians.

The main difference between the traditional approach aridiB@at in PCL, ill-typed
formulas are not propositions, while in the traditional eggeh, atoms involving undefined
terms are false. As a consequence, non-primitive formuitts ilvdefined terms can have
either truth value, dependent on the polarity of the unddfetems. Hence, the traditional
approach clearly breaks the strictness condition, thahdukl not be possible to derive
anything from an ill-typed axiom.

In addition (and this is a feature which distinguishes PQ@Iofrall existing approaches),
PCL has no distinction in treatment of type information amétment of definedness, while
the traditional approach has. In the traditional approagbartial function has a type and a
precondition. For example, tan has type ReaReal and its precondition i — % ZInt. A
term of form tartx) is in principle of type Realbut it can be defined or undefined. In PCL,
the typing condition for tan i¥'x Realx) A —Int(% — %) — Realtan(x)), which mixes the
type information with the precondition. Instead of beinglefined, an ill-typed term of form
tan(t) simply fails to have type Realf such a term taft) is used in a formula where Real
is required, then the formula will eventually fail to produa Prop For example, if one has
vx,y Realx) A Realy) — Propx <y), VxRealx) — Realsin(x)), andﬂlnt(}—T — %) is not
provable, then siftan(t)) cannot be proven Reado that siiftant)) < 1 cannot be proven
Prop So instead of making ill-defined terms undefined, they fath&we a useful type in
PCL, which ensures that they cannot occur in strongly vaglents.

Another commonly used approach, (see for example in [li¥Based on three-valued
Kleene logic. Three-valued logic is obtained by introdgcan extra valuel, denoting the
truth-value for undefined propositions. Truth values adered ad < u < t. Using this
order,| (PV Q) can be defined as MAX(1(P),1(Q)), 1(3x P(x)) as MAX({I3(P(x)) | d €
D}), I (PAQ) can be defined as MIN(I (P),1(Q)), andl (¥x P(x)) is defined as MIN{I(P(x)) | d €
D}). Negation can be defined frofh=-t, u = u, t = f]. The remaining operators> and
«— can be introduced through standard equivalences.

The well-definedness approach of [2,8] is closely relatitdpagh at first it may appear
different. In the well-definedness approach one has to ptwatea formula is well-defined
before it can be used. However, if one inspects the transldtom three-valued logic to
two-valued logic in [1], the result of the translation is tlugic of [8], so that the well-
definendness approach is equivalent to three-valued logic.

Three-valued logic (and the well-definedness approachglaser to our aim of strict-
ness, but there is still a fundamental philosophical diffee: The three-valued approach
treats ill-defined formulas as formulas with unknown trugtide, where PCL treats them as
error values. The justification for definifyv u) =t is the fact that whichever valuewill
eventually take, the presencetaénsures that the disjunction will be true. In a completely
strict setting, nothing should be assumed about formulagaatng ill-typed formulas, be-
cause they are errors, not unknowns.

The difference in semantics between PCL and the three-dedpproach can be ob-
served in sequents where some of the premises are ill-typediot required for validity
of the sequent. (Alternatively, one could say that thrdeec Kleene logic allows weak-
ening by ill-typed formulas, while PCL does not.) In Kleengit, validity of the sequent
M,...,lhxF Ameans that(—- v---v -, VA) =t in every interpretation. It is easily
seen that validity does not depend on the order ofifhend that validity is preserved,
when formulas are added 0 at random positions, even when they are ill-typed. This
does not hold in PCL. If one adds an ill-typed formdtabetweenl; and [, then the
sequent is not strongly valid anymore, because the seduent, [; - Prop(F) is not valid.
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We conclude that three-valued Kleene semantics has ammiatiate form of strictness:
It is possible to make derivations involving ill-typed fouhas, but not possible to use the
ill-typed formula in the derivation. On the other hand, PCistthe same level of strict-
ness as simple type systems. To illustrate the differensesider the ill-typed sequent
0:Nat s:Nat— Nat, <:Nat— Nat— Prop empty: String— Prop empty(0) - s(0) = (0).
A standard type system would not accept it. The correspgrfdimula—empty(0) v s(0) =
s(0) is valid in three-valued semantics, despite the fact ittethpty(0)) may beu. (We as-
sumed that the theory has no a priori type system, so thgtpéldness is handled hy.
Otherwise, the example would have to involve preconditiohgartial functions, which
would make it more complicated, and it would be harder to carpvith standard type
systems.) At the same time, the sequent

Nat(0), ¥x Nat(x) — Nat(s(x)), ¥xy Nat(x) A Natly) — Propx <vy),
xy String(x) — Proplempty(x)), empty(0) - s(0) = s(0)

is not strongly valid in PCL. We conclude that PCL carriesrade strictness of simple
type theory to preconditions of partial functions, whilegd valued semantics is more lib-
eral.

3 Syntax and Semantics of PCL

We first introduce the syntax of PCL, and after that its seinanBince type conditions and
preconditions are expressed by formulas inside the loggdfjtthere is no need to consider
types in the definition of formulas. There is also no need $timtjuish atoms and terms at
the syntactic level, because this distinction appears Velten certain terms are declared to
have Prop

Definition 1 The set otermsof PCL (Partial Classical Logig is recursively defined by the
following rule: If t1, ...ty are terms (wittn > 0), andf is a function symbol with arity,
thenf (ty,...,ty) is also a term. We call function symbols with aritg@nstantsor variables
dependent on how they are used.

Using the set of terms, we define the set of formulas of PCLredely as follows:

— 1L andT are formulas.

— Every termAis a formula. We will call formulas of this forratoms

— If t,tp are terms, thehy, =t; is a formula.

— If Ais aformula, them-A is a formula.

— If AandB are formulas, theAA B, AV B, A — B, andA < B are formulas.
— If AandB are formulas, thepA]B and(A)B are formulas.

— If xis a variableA is a formula, thefvx Aand3x A are formulas.

— If Ais a formula, then Prd@\) is a formula.

The intuitive meaning of PrdjF) is ‘F has a truth-value’.

We introduce the semantics of PCL. As with the syntax, intggtions have no built-
in typing. An interpretation has a single dom#@nwhich contains all relevant domains of
discourse. The domain has two dedicated truth vafumsdt, but no dedicated value for
undefined terms or undefined predicates. Instead, an #lebyprm produces a result that is
not included in any type, and which does not satisfy any prdition. When an ill-typed
term is used in a predicate, its result will lie outside of ttwnain of the predicate. As a
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consequence, the predicate will not produce a Prop so thakesgult cannot be used as a
formula. This is the way in which undefinedness and panialie handled in PCL.

Before we continue, we introduce a lattice on non-truth @alurhe semantics could
be introduced without it, but the lattice makes it possilsidarmulate meta properties as
equivalences. Without it, the behaviour of the logical epers on non-truth values would
be completely unpredictable. Then, for examige) = 1 (AA A) would not hold as equality.
This would have no effect on the provable formulas, becauseguality would still hold
for the truth values, but it is more elegant to have the etyufr the complete domain. The
lattice plays no role in reasoning, and we do not intend tatufee abstraction, as proposed
in [6].

Definition 2 Let Sbe a set. A relatiof is calleda partial orderif it meets the following
requirements(l) Forallse S sCs. (2) Foralls;,s,%3, SiIC A Cs3= 5 C s3. (3)

Foralls;,s, SsCESASC S =5 =S. Let S be a subset 0B We callsc Salower
boundof S if for all § € S, sC §. We calls a greatest lower bound & if sis a lower
bound ofS, and for every lower bound 6f S, we havesT s.

We writeS for the greatest lower bound &, if it exists. If S is finite, we writes; Ms, M

---Msyinstead of 1{s1, s, ..., S}

It is easily checked that the greatest lower bound is unifjiiexists.

Definition 3 An interpretation = (D,f,t,C,[]) is defined by

— A domainD.

— Two distinct truth constantlsandt, such that both of.t € D,

— A partial orderC on D\{f,t}, s.t. every non-empt®’ C D\{f,t} has a greatest lower
boundnD’, which is inD\ {f,t}.

— afunction] ] that interprets function symbols as follows:fliis a function symbol with
arity n, then[f] is a total function fronD" to D.

As said before, the only role of the partial ordeiis to obtain predictable behaviour of the
logical operators when they are applied on non-Booleancthje

Definition 4 Letl = (D,f,t,C,[]) be an interpretation. We recursively define ifierpre-
tation I(F) of a formulaF as follows:

I(L)=f, I(T)=t.
For a formula of formf (ty,...,tn), 1( f(ts,...,tn) ) =[f](1(t2),...,1(tn))-
- If |(t1) =1 (tg), thenl (tl = tz) =1. Otherwise,l (tl = tz) =f.
— If I(A) =t, thenl (=A) =f. If I(A) =f, thenl (-A) =t. Otherwisel (—A) = | (A).
We characterize the strict binary operators:
— If I(A) € {f,t}, andI(B) ¢ {f,t}, thenl(AAB) =1(AVB) =1(A—B)=1(A<

B)=1(B).

— If 1(A) & {f,t}, and|(B) € {f,t}, then| (AAB) = (AVB) = |(A — B) = | (A —
B) = I(A).

— If both I(A),1(B) & {f,t}, thenl(AAB) = I(AVB) = I(A— B) = (A< B) =
1(A) 1 (B).

— If both of I1(A),1(B) € {f,t}, thenA,Vv,—, < are characterized by the following
(standard) truth table:
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I(A) | 1(B) I(AAB) | I(AVvB) | I(A—B) (A~ B)
f f f f t t
f t f t t f
t f f t f f
t t t t t t
— We characterize the lazy binary operators:
— If I(A) =f,thenl( [AIB) =t,andl( (A)B) =f

— If I(A) & {f,t}, andI(B) € {f,t}, thenl( [AIB) =I( (A)B) =I(A).
— Ifboth I (A),1(B) & {f,t}, thenl( [AIB) =1( (A)B) =I(A)MI(B).
— If I(A) =t,thenl( [AIB) =1( (A)B) =1(B).
— Next come the quantifiers: Lebe some variable. L& be aformula. LeR={ IJ(F) |d €
D}, wherel is obtained as usual by changing the value of [ ] to d.
— If RZ {f,t}, thenl(Vx F ) =1(3x F ) =n(R\{f,t}).
— If R={f}, thenl(VxF ) =I1(3xF ) =Hf.
— If R={t}, thenl(¥xF)=I1(3xF ) =t.
— If R={f,t}, thenl( vxF )=fandl( 3xF ) =t.
— It remains to characterize Proff I(A) € {f,t}, then|( ProgA) ) = t. Otherwise,
I( PropA)) =f.

Definition 5 A contextis a finite sequence of formulds, . .., . A sequents an object of
form ™ = A, in which I" is a context and\ is a formula.

We now precisely define the notion of strong validity that weentioned in the introduction.
There we said that a sequent is strongly valid iff it is vatidhe usual sense, and every of
its premises is necessarily Prop when all of the premisem®éfare true. This notion can
be equivalently formulated as follows:

Definition 6 Letl7,...,M = A be a sequent. We cdll,...,I, - A valid if in every inter-
pretationl = (D,f,t,C,[]), s.t.1(l1) = --- =1(I,) =t, we also havd (A) =t. We call
the sequenfy, ..., A strongly valid if it is valid, and in addition the context,..., I,
has the following property: In every interpretatibrwe have eithet(I;) =t for all i with
1<i<n,orwe havd (l;) =f for the firsti with 1 < i < nthat had (7) #t.

We prove that strong validity as defined in Definition 6, isieglent to the informal notion
that we used in the introduction. This ensures that strofigityaensures strictness, which
is one of the design goals of PCL.

Theorem 1 Letly,..., LM+ Abeasequent. Then,..., L Aisstrongly valid iffry, ..., L
Ais valid and for every i witl <i < n, the sequenfy,...,l;_1 - Progl;) is valid.

Proof Assume thaty,...,IH F Alis strongly valid. It is clear that this implies that the se-
quent is valid. In order to show that eah...,li_1 - Propl;) is valid, we assume that in
some interpretatioh, we havel (1) = --- = 1([i_1) = t. Using this assumption, we have to
show thatl (Prop(l;)) =t. If I(7) =t, then we are done. Otherwise, by strong validity of
M,...,lh A we havel (I;) = f, so that the proof is complete.

Now assume thafi, ..., F Ais valid, and for every with 1 <i < n, the sequent
M,...,li_1 = Prophi) is valid. We have to show théi, ...,y - Ais strongly valid. Let be
an arbitrary interpretation. If([1) = --- =1 () =t, then we are done. Otherwise, letbe
the first formula in the contex, ..., I, for which I (I7) #t. Becausdy, ..., i1 F Propl;)
is valid, it must be the case thi;) = f. This completes the proof.
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The sequenA + A is valid, but not strongly valid, because there exists aarpretationl
with | (A) = e, ande ¢ {f, t}. Alternatively, one can observe that the sequeRrop(A) fails
in 1. The sequent Prg@),A A is strongly valid because it is valid, andlifA) ¢ {f,t},
then!(ProgA)) = f. Similarly, the sequent AV —A is valid, but not strongly valid. The
sequent ProfA) - AV —Ais strongly valid.

Theorem 1 shows that PCL uses type information in contexgsstrict way. Next we
prove that usage of type information in quantifiers is cote¢o usage of type informa-
tion in contexts in the same way as in standard type systensstandard type system, a
quantified formula of forn¥x: T P(x) is well-typed in a contexft iff I",x: T F P(X):Prop is
provable. We show that PCL has the same property, as lofigas ) is used for introducing
the type information.

Theorem 2 Letl” be a context, let x be a variable that is not fred'inThe following three
statements are equivalent:

1. I + Prop VX [A(X)]B(X) ) is valid,
2. I = Prop 3x (A(x))B(x) ) is valid,
3. ' = Propg/A(x)) andl™, A(x) F Prop(B(x)) are valid.

Proof Equivalence of1) and(2) can be proven by showing that
[ (Prop(Vx [A(X)]B(X))) = | (Prop(3x (A(X))B(X))), which in turn can be proven by checking
Definition 4.

Assume thatl) holds, and let = (D,f,t,C,[]) be an arbitrary interpretation in which
[ () =t. We first show that(Prop(A(x))) =t. Since we know that(Prog(Vx [A(X)|B(x))) =
t, we know thatl (¥x [A(X)]B(x)) € {f,t}. From Definition 4 follows that for everd € D,
we havelj([A(X)|B(x)) € {f,t}. If we selectd = [x], we havelf ([A(X)[B(x)) € {f,t}.
Sincel[’;] =1, we havel ([A(X)]B(x)) € {f,t}. It can be checked from Definition 4 that
[(A(x)) € {f,t}, which implies thal (Prop/A(x))) = t.

For the second part @B), assume thalt is an arbitrary interpretation in whid{l") =
[ (A(x)) =t. By the same reasoning as before, we obtainltja{x)|B(x)) € {f,t}. It follows
from Definition 4 that (B(x)) € {f,t}, so that we have show(3).

Next we assumé3), so we assume thét - Propg/A(x)) andl™, A(x) - PropB(x)) are
valid sequents. Assume that for some interpretatien (D,f,t,C,[ |), we havel(I') =
t. We have to show that(Propvx [A(x)]B(x)) = t, which can be done by showing that
for everyd € D, IJ(JA(X)]B(x)) € {f,t}. So letd € D. Sincel(I") = 1}(I"), we have
I3(Prop(A(x)) = t, which implies that eithel}(A(x)) = f, or IJ(A(X)) =t. If IJ(A(X)) =T,
we havel}([A(x)]B(x)) = t, so that we are done. Otherwise, we hiyB(x)) € {f,t}, so
that we are also done.

Theorems 1 and 2 together show that PCL uses type informéiwhpreconditions of
partial functions) in the same way as standard type systkiissactually possible to prove
stronger properties, for example that if one translatesnplsi type system into first-order
logic, then PCL will accept exactly the same type judgemastsimple type theory. The
same is provable for type systems with intersection andrutyipes. We omit these results
here, because of lack of space.

4 Sequent Calculus for PCL

We want to define a sequent calculus that is able to modelgswaidity. This is easier if one
uses a one-sided calculus, in which sequents are refutgdanhof proven. The reasons for
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this are the following: Validity of Pro@®) - AV —A and the fact that the semantics is based
on truth-values, suggest that PCL is essentially clas@itabntrast to intuitionistic). At the
same time, the notion of strong validity depends on the ocofldormulas in the sequent.
Allowing formulas to freely move from the premise to the clision in a sequent, which
would be needed for classicatrules, and simultaneously keeping track of the order of the
formulas in the sequent, is tedious. It can be avoided bygusire-sided sequents.

Definition 7 A one-sided sequerg an object of fornT,...,M, -, inwhich ..., (n >
0) is a sequence of formulas. We say that .., I, |- fails in an interpretation if there is an
i, (L<i<n),s.tlI(l)#t We will usually write ‘sequent’ instead of ‘one-sided seqtle
since it is always clear from the form which type is meant.

We say that™ - fails stronglyin | if there is ani, (1<i <n), s.t.I([;) =f and for all
i, (A< j<i), I(h) =t If we want to stress thdj is the first formula i~ with I ([7) #t
(which implies that (;7) = f), then we say thaft fails strongly atf; in I.

We call the one-sided sequdnt- unsatisfiablef it fails in every interpretation. We call
I strongly unsatisfiablé it fails strongly in every interpretation.

Theorem 3 Let " - A be a sequentl” + A is strongly valid if and only if the one-sided
sequent” ,—Al is strongly unsatisfiable.

Proof Write I’ =T7,...,I F with n > 0. For convenience, defing 1 := —A.

Assume thaf” - A is strongly valid. We have to show that the sequanity, ..., M1+
is strongly unsatisfiable. Ldt be an arbitrary interpretation. We have to show that there
exists an, (1 <i<n+1) with property®(i), where®(i) is the property thalt(;) = f, and
forall j, (1< j<i), I(l})=t. We distinguish two cases:

— Ifforalli, 1<i<n, I(l}) =t, then it follows from validity ofl" - Athatl(A) =t, so
thatl (—A) =f. Since—A = 11, we have®(n+1).

— If there is ani with 1 <i < n, s.t.I1([;) # t, then by strong validity of” F A (see
Definition 6), we havd (I7) = f for the firsti with I(I7) # t. It follows that we have
o(i).

In order to show the other direction, assume fhat.., I, M1 F is strongly unsatisfi-
able. We firstshow thd, ..., - Ais valid. Letl be an interpretation. Assume thaf;) =
[(F2) =---=1(Iy) =t. It follows from the strong unsatisfiability dfi, ..., M, M1 F that
I(Mhy1) =f, so thatl (A) =t. Next we show the additional property that makes..,ln - A
strongly valid. If noi hasl(I7) # t, then we are done. Otherwise, Idbe the first position
wherel (I7) #t. If we would have (I7) # f, then this would contradict strong unsatisfiability
of the sequenfy, ..., M, M.1 b, so that the proof is complete.

Using Theorem 3, the conclusion of a sequent can be movecettethhand side, after
which it can be treated in the same way as the other premisés h@is the advantage that
one can delete half of the rules from the sequent calcululi amoids the burden of keeping
track of the order of formulas spread between the premisgshenconclusions. In order to
further simplify the calculus, we use the reduction rulefigure 1 and Figure 2. Figure 1
contains rules for pushing negation inwards, while Figuoetains rules for pushing Prop
inwards. Most rules in Figure 1 look familiar, but their \dity still needs to be checked
in the context of PCL. It can be checked (by case analysis)dnavery interpretation,
for each ruleA = B in Figure 1 or Figure 2, we hau¢A) = | (B), so that the equivalences
can be freely used in proofs. Figure 1 and Figure 2 ensure-tibatProp never needs to be
the main operator of a formula. The only cases where Prop-atehnot be eliminated are
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Fig. 1 Reduction Rules for

-1 = T -T = 1
-—-A = A
-((AB) = [A-B -(AB) = (A-B
-(AAB) = -AV-B ~(AVB) = -AA-B
~(A—B) = AA-B ~(A~B) = A~-B
-Vx F, = Ix-F -3xF = Vx-F
Fig. 2 Reduction Rules for Prop
PropT) = T
Prop(L) = T
Prop(—A) = PropA)
ProgPropA)) = T
ProAAB) = Prop(A) AProp(B) (or ( ProgA) ) PropB) )
ProgAv B) = PropgA) APropB) (or ( Prog(A) ) Prop(B) )
ProgA— B) = PropgA) AProgB) (or ( Prog(A) ) Prop(B) )
PropA < B) = Prop(A) AProp(B) (or ( Propg/A) ) Prop(B) )
Prop (A)B) = (PropA) )(A— PropB))
Prop( [AIB) = (PropA))(A— PropB))
Propvx F) =  VxPropgF)
Prop(3x F) = VxPropF)

PI’O[(t]_ = tz) = T

in formulas of formgy (@ (A)), whereA is an atom, is either Prop or nothing, ang is
either— or nothing. Such formulas play the same role as literals st-éirder logic. One can
either simplify the sequent completely before proof seaoctapply the rules ‘lazily, i.e.
only when— or Prop stands in the way of a rule application.

Figure 3 contains the rules of the sequent calculug§etylost rules look familiar, but there
are pitfalls. For example, the rule forintroduction would be unsound if the second premise
would be removed. It would then be possible that in somepnégationl = (D,f,t,C,[]),
one had () =t, I(A)=f,andl (B) £ {f,t}. In that case the left premise would fail strongly,
while the conclusion would fail only weakly. Similarly, thele for V-introduction would be
unsound if one would not keep a copywf P(x) in the premise beforB(t). It could happen
that in some interpretation 1(P(t)) =t, while at the same timg(vx P(x)) & {f,t}.

If one would remove thé from the second premise [rj-introduction, the rule would
still be sound, but become too weak for completeness. Thalgmmowould show up when
Prop(B) depends om\.

In contrast to standard first-order logic, a sequent of fbr, —At- is not automatically
an axiom. It is possible thdt I fails weakly, orl () =t andl(A) ¢ {f,t}. Both cases are
covered by requiring the additional sequént—PropA) .

We will prove soundness of the rules fo), Vv, and3. Most of the other rules can be
reduced to{ ) andV, by using the equivalences in Figure 4. The remaining rulesbea
checked by case analysis.

Theorem 4 Let I g be a sequent of formy,...,Mm, (A)B, I7,...,l/ . Letlap be the
sequenty,...,lm,A,B,I7,...,[] . Let | be an interpretation. TheRa)p fails strongly in
| iff g fails strongly in |
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Fig. 3 Rules of Segc :

Rules for( ) andv

r,AB, R+
M, (A)B, o+

Rules forA and| |

n,ABRL-  TI1,BARF
M, ANB, R+

Rules for— and«

N, -A I, I1,B 2+
n,A—B, L+

Rules forv and3

I, vx P(X)7 P(t)7 Pl
f-l, VX P(X)7 I_zF

r,A R+ r,B,RE
M, AvB, I+

I, -A L+ r,A B,
I, [A]B7 I+

r, AB, I+ I, -B,-A, I+

M, A—B, L+

1, P(y), 2
f-l, X P(X), I_zF

(In theV-rule, t must be a term. In thé-rule,y must be not free iy or I7.)
Equivalence IfA=-Bis an instance of one of the rules in Figure 2 or Figure 1, therfdllowing derivation

is possible:
n,B,R+
rn,A R+
Axioms
I, =PropA) - I, =ProgA) -
r,A-A+ r,-AAk- 1+
Weakening
Fl,ﬁProqA)F I_l,I_zF rr I_l,I_zF
Mn,A R+ r A+ M, T+
(In the first two rulesA can be positive or negative.)
Contraction, Cut
M,ARA T [, -A I+ M,A R+
M,A R+ [1,2+
(A can be positive or negative.)
Equality
M,tu#tE  ,hulk
I—17l—2[t2]}— t#tk
Fig. 4 Reduction of remaining rules to) andV
A AAB = ((AB)V((BA) T (AT = A
[] [AIB = —AV((A)B) T (THA = A
— A—B = -AVB
— A-B = ((AB)V((-A)-B) v YxP(x) = (¥xP(x))P(t)



12 Hans de Nivelle

Proof Assume thaf g fails strongly inl. This means that the first formuRain I zg, for
which|(F) #t, hasl (F) =f.

— If F is among thd, then it is immediate thdfa g fails strongly inl.

— If F = (A)B, then eithel (A) =f, or (I (A) =tandl (B) =f). Sincel (l1) =---=1(I'm) =
t, in both case$a g fails strongly inl.

— If F is among the}, thenF also occurs ifag. We know thatl ([1) = --- = 1(Im) =t.
From the fact that( (A)B ) =t, follows thatl(A) = | (B) =t. Since we assumed that
I(I{)=---=1(l_,) =t, itfollows thatF is the first formula in"a g for which| (F) #t.
Sincel (F) =, we know that"a g fails strongly inl.

For the other direction, assume ttiafg fails strongly inl. Let F be the first formula irfa g
for which I (F) # t. We havel (F) =f.

— If F is among the7j, then it is immediate thal g fails strongly inl.

— If F =A thenl( (A)B) =f,andl(1) =---=1(Im) =t, so thatl g fails strongly in
| at formulaA.
— If F =B, then we know thak(A) =t, so thatl ( (A)B) =f. Sincel (l1) = -1 (Im) =1,

it follows that I s fails strongly inl at formulaB.

— If F isamong thé'j’, thenF also occurs i a g, SO that it is sufficient to show that there
is no formulaF’ beforeF in g, S.t.1(F’) # t. The only candidate i$A)B, because
all other formulas were copied froifh g. But since we know that(A) = 1(B) =t, it
follows thatl ( (A)B) =t.

Theorem 5 Let I5 be a sequent of formy,...,Im, 3X P(X), I{,...,[] F. Letly be the
sequenfy =I1,...,Im, P(X), [{,...,[] . Assume that x is not free in any of the formulas
[ETUUNN r S SN i

Let | = (D,f,t,C,[]) be an arbitrary interpretation. Thefg fails strongly in | iff for
every de D, the sequenf fails strongly in ff = (D,f,t,C,[]%).

Proof In the proof, we make use of the fact thafi) = 13(fi) andI (I}') = I3(I7'), because
xis not free inl'i,l']-’.

Assume that3 fails strongly inl. This means that for the first formuka in 5 with
I(F)#t,one had (F) =f.

— If Fisone of thdj, thenl (I7) = 1X(7) =f, and for alli’, (1 <1’ <i), I(F) =13(l) =t,
so thatly fails strongly atf5 in everyl}.

— If Fis3x P(x), then the fact that( 3x P(x) ) =f, implies that for evergl € D, 15( P(x) ) =
f. Since for evenyi, 1(l7) =13(l7) =t, it follows that 7y fails strongly at formulaP(x)
in every interpretation}.

— If Fis one of thel}/, then we know that for everg € D, I (1) = I§(l1) = -+ =1 (Im) =
I3(F'm) =t. It can be seen from Definition 4 that
I( 3x P(x) ) =t implies that for everyd € D, either1}( P(x) ) =f, or Ij( P(x) ) =t. If
I3(P(x) ) =f, thenly strongly fails atP(x) in |}. Otherwise, we havi( P(x) ) =t and
(M) =13(r) = -~ =1(I_y) = 1§(F{_y) =t, andl(I}) = 13(F}) = f, so thatl fails
strongly at’j’ in 13

For the other direction, we use contraposition, so assuatdthdoes not fail strongly in
I. We show that there existsthe D, s.t. [ does not fail strongly in}j. We distinguish the
following cases:

— The first formulaF with | (F) #t is among thd; andI (I7) # f. Since for alli, (1 <i <
m), 1(I;) =13(I7), the sequenk does not fail strongly in anij.
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— The first formulaF with I(F) #t is 3x P(x), andI( 3x P(x) ) # f. It follows from
Definition 4 that there is @ € D, s.t.15( P(x) ) & {f,t}. In the correspondingy, the
sequenfy does not fail strongly.

— The firstformulaF for whichl (F) #tis among thé/', andl (I}) #f. Sincel ( 3x P(x) ) =
t, there exists @ € D, s.t.15( P(x) ) =t. In 1%, we havel (M) = 13(I1) = --- = 1(Im) =
13(Tm) =t, and [(I{) = 1§({) = --- = 1([[_1) = 1§([}_1) =, so thatly does not fail
strongly inl}.

— There is no formuld for which|(F) #t in 5. This case is analogeous to the previous

case.

Theorem 6 Letlag be asequentofform,...,Mm,AVB,I{,....[ . LetTa="11,....Mm,AT{,...

,and letlg =I1,...,Mm,B,I{,....I, F. Let | be an interpretation. The sequehi g fails
strongly in | iff both ofla and I'g fail strongly in I.

Proof Assume thafa,g fails strongly inl. We have to show thdfy and/g fail strongly in
I. There is a formuld € Mg, such thafF] = f, and for all formulas’ € Mg occurring
beforeF, [F'] =t. We distinguish three cases, dependent on the positién: of

— F is among thd;. It follows immediately thal’a and /g fail strongly inl.

— FisAVB. Itfollows from [AV B] =f, that[A] = f, and[B] =f. Since[[1] =--- = [Im] =,
both’a andrg fail strongly inl.

— Fis among thd™~'. SinceF is the first formula in"ays, for which [F] = f, we know that
[l1] =---=[Im] =t,and[AVB] =t. If [A] = [B] =t, then bothIs andlp fail strongly
in | at formulaF.

If [A] =f, and[B] =t, then[l4 fails strongly inl (at formulaA), andlT fails strongly at
formulaF.

If [A] =t, and[B] = f, thenl fails strongly inl at formulaF, and [ fails strongly inl
at formulaB.

In can be checked from Definition 4, that there are no othezcaderdAv B] =t.

The easiest way to prove the other direction is by contraiposiAssume thafa,g does not
fail strongly inl. We show that one dfa, Iz does not fail strongly in. The following cases
can be distinguished:

— For all F € layg, we have[F] =t. Then, for alli, [[[]=t, [AVB]=t, and for all
j, [I{]=t.Itcan be seen from Definition 4, that the fact that B] = t, implies that
either[A] =t, or [B] =t. In the first casels does not fail inl. In the second caség
does not fail inl.

— The firstF € layg, for which [F] # t, has alsdF] # f, andF is among thd;. In that
case, both of 5 andlg do not fail strongly inl.

— The firstF € Iayg, for which [F] # t, is AV B, and we also hav@A Vv B # f. Either
[A] £ {f,t} or [B] £ {f,t}. Since for alli, [[;] =t, the first case implies thd does not
fail strongly inl. The second case implies that does not fail strongly ir.

— The firstF € ayg, for which [F] # t, is among the}', and alsofF] # f. Then for all
i, [l[]=t. Also [AV B] =t, which implies that eithefA] =t, or [B] =t. In the first case,
F is the first formula i, for which [F] # t, so thatl'y does not fail strongly in. In
the second casé, is the first formula infg, for which [F] # t, so thatlg does not fail
strongly inl.
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5 Completeness

In Section 4 we introduced Sgg and proved its soundness. We will now give an outline of
the completeness proof. If thequantifier would not exist, then we would already now have
a completeness proof. Sgq has sufficiently many rules that preserve strong unsatikfiab

in both directions. This means that the conclusion of the isilstrongly unsatisfiable if
and only if all of its premises are strongly unsatisfiablesdfne sequent is not strongly
unsatisfiable, then one can find a rule that could introdueedéguent, but for which one of
the premises is not strongly unsatisfiable. By continuitig, possible to reduce the original
sequent to a sequent that contains only possible negatigussible Props of atoms. These
simple sequents are either directly derivable from axiom®duality reasoning, or it is
easy to construct an interpretation in which they do notdaibngly. By the equivalence
property, this implies that we can construct either a pré¢fi@ original sequent, or a counter
interpretation.

In order to include¥ in the completeness proof, we would like to proceed in a stahd
way: First allow eachy-quantifier to have some fixed set of instances. If no prooftzan
constructed, then grant eagkquantifier one instance more. This process either resulis i
proof, or it leads to an increasing sequence of simple sdgiemm which an interpretation
can be read off in the limit.

Unfortunately, there is a problem with this approach, whghkaused by the fact that
in most cases the limit will be infinite. We want to show that timit sequent does not fail
strongly in the limit interpretatioh (and that none of the sequents on the way fails strongly
in 1), but we have no concept of strong failure for infinite sedqsie®ne possible solution
would be to introduce a proper notion, based on graph segarttwe don’t want to do that
here. It turns out that there is a simpler approach, whiclidaviatroducing special notions
for infinite sequents:

Definition 8 Letl” =T1,...,MF be a sequent. We say thatis in Propnormal form(PNF)
if for every I5, either(1) I; is of formty =to, t1 # tp, Prop(A) or =Prop(A), or (2) there is a
j <i,s.t.l has form Profl;).

Lemmal Letl + be a sequent in PNF. Let | be an interpretation. THeh does not fail
strongly in | iff for every formula F i, 1(F) =t.

Theorem 7 If Seg, is complete for sequents in PNF, then it is complete for ajlsats.

Proof Assume that Seg, is complete for sequents in PNF. Llet- be an arbitrary sequent.
Write I" - in the form/l,..., L . Let # - be the number of violations of Definition 8 in
I F, i.e. the number of; that are not of formy = t, t1 # to, Prog/A), —Prop(A), and for
which there also exists np< i with I; = Prog(/;). We proceed by induction on#- .

If #I = =0, then " F is in PNF, so that we are done. Otherwise, assume that the
first violation of Definition 8 occurs on position This implies that the sequel®; =
M,...,li_1,—Propgli) F is in PNF. If § has no proof, then by PNF-completeness, we
know that there exists an interpretatibrin which S, does not fail strongly. By Lemma 1,
[(l1)=---=1(li-1) =1( -Progl;) ) =t, so thatl ( Prop(l;) ) = f. This implies that the
sequenty,...,[i_1,l;,...,[h - failsin |, but not strongly. As a consequence, we have com-
pleteness for this case.

If S does have a proof, then we consider the sequent
S =",...,Ii-1, Progli),l,...,Mh . Clearly, #5 = (# ) — 1, so that we can assume
completeness fds,.
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If S has no proof, then there exists an interpretation which S, does either not fail at
all, or it fails but not strongly. IS, does not fail inl, thenl” - also does not fail, and we are
done. Otherwise, consider the first form#an S, for which | (F) # t. If F were among the
I,...,M—1, this would imply that the sequef fails strongly, due to the fact th&; has a
proof. From the provability of; follows, thatF cannot be Prof;). If F would bef;, this
would imply thatl ( Prop(l7) ) = f, which contradicts the fact th& is provable. So it must
be the case thdt is amongfi1,..., . But this implies that” + also fails non strongly in
I, so that we have completeness in this case as well.

Finally assume tha®, has a proof. In that case, we can combine the proo& ahdS,
into a proof of" + as follows:

,...,li_1, ~Prop(l;) - M,....,li—1,Proghi),l, ..., Th
rl?"'?ﬁ*lariv'“?rﬂl_

(cut+weakening.

The fact that we can restrict our attention to sequents in, BMfplifies the completeness
proof quite a lot. By Lemma 1, we know that we are looking eifoea proof, or an interpre-
tation that makes all atoms in the sequent true. Since tlaés dot rely on order anymore, we
can use standard techniques to construct the limit of theesgs in the failed proof attempt.
We still have to show two things, but they turn out unproblémdl) It does not happen
that, during proof search for a sequent in PNF, one needs ke nse of a sequent that is
not in PNF.(2) All formulas in the original sequent are true in the resugjtimterpretation. In
order to do this, we show that a nonsucceeding proof attemipterges towards a saturated
set, which is defined as follows:

Definition 9 Let > be a set of formulas. We call saturatedif it has the following proper-
ties:

— If A€ Z, andAis not of formty =ty, t1 #ty, ProgB), or -Prop(B), then PropA) € .

-1z

— There exist no terms,u, no n > 0, no sequence of terms, uy,...,th, Uy, S.t. {t1 =
Ug,...,th = up,t £ U} C X, andty = uy,...,thy = up -t = u in the standard theory of
equality.

— There exist no atom&, A, non > 0, no sequence of termtg, Uy, ..., th, Un, S.L.{A, t1 =
Ug,....,tn =Up, =A'} C X andA, t; = u,...,tn = U, = A in the standard theory of
equality.

— If { ProgfAVB), AvB} C X, then either
{PropA),A} C %, or {PropB),B} C =.

— If { Prop( (A)B), (A)B } C X, then{Prop(A),PropnB),A,B} C 5.

— If { Prog 3x P(x) ), 3x P(x) } C X, then there exists a terms.t.

{ Propg( P(t) ), P(t) } C Z.

— If { Prop ¥x P(X) ), VX P(x) } C X, then for every ternt that can be formed from the
signature off, we have{ Prog(P(t)), P(t) } C =.

— For every instancé = B of a rule in Figure 1 or Figure 4, if
{Prop/A),A} C %, then{PropB),B} C =.

— For every instance Prgp) = B of a rule in Figure 2, if ProfA) € X, but A ¢ X, then
BezZ.

Note that, by takingh = 0 in the fourth case, the definition of saturated set imples X
does not contain a complementary pair of atdmsA. Since our aim is to prove complete-
ness, we need a proof search strategy that converges towaedarated set in the limit. In
order to obtain a saturated set, it is necessary to pres&zedBring proof search. If, for
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Fig. 5 Preservation of PNF undérn-intro

(provable)
I, PropA),-A,A B, + I, PropA), Prop(B), A,B, I -

(v-intro)

i, PropA), ~AV ProgB),A,B,l, +
(( )-intro, Equiv Figure 4)

I, (PropA)) (A— PropB) ), (A)B, I+
(Equiv Figure 2)

I, Prop (A)B), (A)B, I -

Fig. 6 Preservation of PNF undetintro

I, Prop(A), PropB), A, I+ I, Prop(A), PropB),B, I+
(v-intro)

i, Prop(A), PropB),AVB, I+

(Equiv Figure 2, ( )-intro)
I, ProfAVB), AVB, i+

Fig. 7 Preservation of PNF und&kintro

1, Vx Prop( P(x) ),Prop( P(t) ),Vx P(x), -Prop( P(t) )+

(V-intro)
1, Vx Prop( P(x) ),Vx P(x), ~Prop P(t) ) -

(Equiv Figure 2)
1, Prop Vx P(x) ),¥x P(x), - Prop( P(t) )
1, Prop( Vx P(x) ),vx P(x), Prop P(t) ),P(t),l>+
(cut)

1, Prop( Vx P(x) ),¥x P(x), P(t), o+
V-intro

Iy, Prop( Vx P(x) ), VX P(x), > F

example, one has a sequent of fofmProfAA B),AAB, I - and tries to prove it from
I1,ProgfAAB),A B, I; -, then the new sequent is not in PNF anymore. In this case, we can
continue proof search by replacing P&\ B) by (Prop(A))PropB), which in turn can be
replaced by Pro@), PropB), which is in PNF again. Figures 5, 6, 7 and 8 show that, for the
operatorg ), V,V and3, it is always possible to continue proof search with sequierfPNF.

All of the remaining cases can be reduced to the cases)fandV, using the equivalences

in Figures 1, 2 and 4.

In Figure 5, the leftmost sequent is provable, because it BNF, and it contains the
complementary pai, —A. Hence, it is sufficient to continue proof search with the igbst
sequent, which is also in PNF.

Figure 7 shows how PNF can be preserved when instantiatingrethe middle, the proof
splits at the cut application. The first formula of the lefubch is provable, because it con-
tains the complementary pair Pi@t)), -ProgP(t)), 71 is in PNF, and the remaining
formulasvx Prog( P(x) ), Prop(P(t)), ¥x P(x) can be easily proven Prop in their respec-
tive contexts. The right premise of the cut application isPiNF, and has the formulas
Prop(P(t)),P(t) added. Figure 8 branches at the weakening step, and its fastige is
provable.
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Fig. 8 Preservation of PNF undérintro

1, ~Prop( Vx Prop( P(x) ) - I, Prop( P(y) ), P(y), o+

(weakening)
1, Vx Prop( P(x) ), Prop( P(y) ), P(y), o+
(V-intro)

I, YxProp( P(x) ), P(y), 2+
(3-intro)

i, Vx Prop( P(x) ),3x P(x), 2+

(Equiv Figure 2)
1, Prog 3x P(x) ),3x P(x),l> +

It remains to extract an interpretatiop = (Ds,fs,ts,Cx,[ ]x) from the saturated sét.
This can be done as follows:

— Assume two designated objeftsthat are not in the signature af They will represent
the truth values. LeTs be the set of terms that can be formed from the signatuge of
Let = be the smallest congruence relationTeru {f,t}, s.t.

— forallty,tp € T, if (t1 =tp) € 2, thent; =1y,

— for allt € Ty, if both of Proft),t € X, thent =t,

— forallt € Ts, if Prop(t) € Z, butt ¢ >, thent =f.
The domairDs of |5 is defined agT U {f,t})/ =.

— fs is the element oD s that containg.

— ts is the element oD that containg.

— The choice ofCs is not important, so we simply select an arbitrary total orde
Ds\{fs,ts}.

— The function| |5 is defined in such a way that for everg Ts, the interpretations (t)
is the equivalence class sfin whicht falls.

It remains to show that for every formuly A€ > < Is(A) =t. This can be proven by
structural induction o\ using the properties in Definition 9.

Theorem 8 Sequent calculuSegy, is complete: If a sequeifitt is not provable irbeg.,
then there exists an interpretation | in whi€h- does not fail strongly.

6 A Practical Calculus: Secfc,

We have shown that Sgg| is sound and complete for strong unsatisfiability, but umfor
nately Segc, is not suitable for practical use, mostly because it is substral. We will
introduce another calculus, which we call §gg and which is suitable for practical use.
Its name is derived from the fact that its sequents consist@tomponents, a first compo-
nent that has already been type checked, and a second camhpdrieh has not yet been
typechecked.

The first component of a Ség,_ sequent is similar to a Sgg, sequent: The order of
formulas cannot be changed, and weakening is restrictezl s€ébond component behaves
similar to standard sequent calculus for classical logibak all usual structural rules. This
makes Segt, usable in practice.

One of the problems of Sgg, is its absence of structural rules. The order of formulas
in a sequent cannot be changed, while at the same time theniegsules operate at arbi-
trary positions in the sequent. This makes printing of satjpeoofs with many premises
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Fig. 9 Problems with cut in Seg, for v andA

M, -A, -B, L+ M, =B, -A L+

M,A I = n,B,RkF M, ~AA-B, L+

M, AVB, L+ M, ~(AVB), I -

I,RE

impossible. If a rule changes a formula in the middle of a eatjuthen all formulas that
come after it have to be reprinted.

Another practical disadvantage of $gg is the fact that it mixes type checking with
proving, which is due to the fact that it preserves strongatisability and this notion
mixes type correctness with validity. If one for exampledrio prove the sequent Pfép\
B), AABAC, -Av —-BV —CF by backward search, then one notices only after a lot of
branching that the sequent P(ép, Prop(B),A,B,C, —Ct is not provable, becausgis not
declared Prop

In Sec, type (and precondition) checking is separated from praovikdormula is
typechecked at the moment it is moved from the second paniecequent to the first part.
Proving always takes place in the second part of the sequent.

The third and most important problem with $gg is the fact that it does not allow a
practical form of cut elimination. Cut elimination is impant for the automatic generation
of proofs by theorem provers, because it cleans up redureati@at are created when sub-
formula replacements inside a formula are chained. Thipépfor example, whelh — B
is first replaced byA — B) A (B — A), and after that, by{—AV B) A (=B V A) in some
formula contexf| ].

Unfortunately, cut elimination in Seg, is problematic. The problem can be seen from
the proof in Figure 9. It consists of anrintroduction and a\-introduction, followed by a
cut on the introduced formulas. In order to permute the cutrdeards, one would have to
cutl, A = with I, =A —B, >+, which would result in;, =B, [ . In order to do this,
I,A >+ has to be weakened infg, A, —B, I'; I, which requires a proof of the sequent
I1,A,—~Prog(—B) I- . It can be proven that a sequent of this form is provable in geneut
it is very tedious to have to provide additional type infotima, every time when a cut is
permuted.

We now introduce Seig,. Sequents of Seg, consist of two parts. The first compo-
nent of the sequent has essentially the same semantics ap@ Sequent. The second
component of the sequent is a multiset with a semanticsghamilar to the semantics of a
classical sequent.

Definition 10 A Seqz;,c,_ sequentis an object of form; > - wherel; is a sequence of
formulas, and> is a multiset of formulas.

For the multisel, we say thaf? fails in | if there is anA € I, s.t.1(A) #t.

We say that a two-level sequént I; - fails in an interpretation lif either I or I; fails
inl.

We say thaf; I, - fails stronglyin |, if either I | fails strongly inl, or 1 does not fail
inl andl> fails in|.

We call I'1; I, - unsatisfiableif I7; 1 - fails in every interpretation. We cally; > -
strongly unsatisfiabl I7; > - fails strongly in every interpretation.
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Fig. 10 Logical Rules of Sef, :

Rules forA andv

I;R,ABE 1;,A,PropB) - 1;,B,PropA) -
;M ANBH I;R, AVBE
Rules for( ) and| |
I'1;I'2.A.BF I_]_;I_z.—!AF rl;rz,Pl’O[iA),BF
;MR (A)BH ;M [ABH
Rules forv and3
2, P(t) I;2, P(y) -
;M Vx P(x) - M1;M, IX P(X) -

(In theV-rule,t must be a term. In thé-rule,y must be not free ify or .)
Equivalence IfA = B is an instance of one of the rules in Figure 1, Figure 2 or tte (R~ Q) = (-PV
Q) A (PV—Q), then the following derivation is possible:

;R,BH
;A

Equality Replacement

I ,Al, =t F
rl;rz,A[tz]. t]_ :tz =

(Replacement in the other direction is also allowed.)

The sequentsA,—AF and ;—~(AV B),AF are strongly unsatisfiable, while the sequents
A —A;+ andA; —(AV B) |- are not.

Sequent calculus Sgg, inherits the reduction rules of Figure 1 and Figure 2 from
Seg,. In addition, it has the reduction ruke— B = (-AV B) A (AV —B). The logical
rules of Seﬁc,_ are given in Figure 10. Axioms and structural rules are gineRigure 11,
and Figure 12 contains the rules for building contexts.

A sequent of formy; I F represents the fact thét is a well-typed context. The rules in
Figure 12 are intended to built up well-typed contexts. Tkieras in Figure 11 take a well-
typed context as a starting point for further proof. The Bsien rule of Figure 12 makes it
possible to separate proving from type checking, becausenaufa can only be moved to
the first part of a sequent after it has been type checked. @meiew Segc, and Sef., as
exploiting the two different views on strong unsatisfiaiijlthat are linked by Theorem 1.

In order to illustrate usage of Sﬁe@_, we give a complete proof of a de Morgan formula.
The equivalent sequent in simply typed logic would be

D:Type, A:D — Propt =vx:D A(x) < 3x:D -A(X).
Example 1Suppose that we want to prove strong validity of the follagviequent:
Vx PropD(x)), Vx D(X) — Propg(A(x)) - =VX[D(X)]A(X) < Ix(D(X))—A(X).
In order to do this, we have to prove the following §ggsequent:

Vx PropD(x)), ¥x D(X) — Prop(A(X)), =(—=VX[D(X)]JA(X) < Ix(D(X))-A(X) ); I .
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Fig. 11 Axioms and Structural Rules of S&g :

Axioms
I'l;LF I_]_;LF I_]_;L
;A -AF ;o t#tE I—l;l—27ﬁpl’0[(A)7:tA}—
Weakening
M;HRE
;A
(A can be positive or negative.)
Contraction
I,A R I3,AF M, AAE
M,A RT3 M;r2,Ak
(A can be positive or negative.)
Cut
I—l;l—27ﬁPI’OF(A)|— ;R -AF I;R,AE
f-l;f-z =
Fig. 12 Context Rules of Sef, :
Start
.
Extension

1;—Prop(A) - I;MR,AF
M,A R+

This can be done by using the Extension rule, so that we hapeote the following two
sequents:

Vx Prop(D(x)), Vx D(x) — Prop(A(x)); =Propg(—(—=¥X[D(x)]A(x) <> Ix(D(x))—~A(x) )) F,
and
Vx Propg(D(x)), ¥x D(x) — Prop(A(x)); =(=VX[D(X)]A(X) <> =3x (D(x))—A(X) ) F- .

Both sequents are easily provable, but they reduce to axtbatsrequire a proof of the
sequent
V¥x ProgD(x)), ¥x D(x) — Prop/A(x)); LF.

This sequent has to be proven from
Vx PropD(x)); —Pro¥x D(x) — Propx)) I,

again by using Extension (the other premise has a triviafprdhe resulting axiom requires
a proof of
Vx PropD(x)); L +,

which can be proven by another application of Extension.
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It can be checked by case analysis that all rules oSepreserve strong unsatisfiability.
The cut rule in Figure 11 would be unsound without the firstpse, because one could
have an interpretatioh in which I (A) ¢ {f,t} andI(l1) = 1(I;) =t. The second and the
third premise would fail strongly, while the conclusion viduot fail at all.
Sed, solves the problems of Sgg that we mentioned at the beginning of this section.

It clearly has separation of type checking and proving. Thesrin Figure 10 and Figure 11
operate on the second component of the two-level sequeidhvga multiset. This ensures
that the usual structural rules are available, so that ftasnoan be permuted freely. As
a consequence, it is possible to present proofs in eitheams@ertableau style, or natural
deduction style, both of which are concise and readable. MW $n the next section that
Seg, has cut elimination.

7 Cut Elimination for Sec,

We show that the cut rule in Figure 11 can be permuted dowrsM@ndhe direction of the
axioms) through all logical rules in Figure 10, with the gxiden of equality replacement.
By using standard permutations, equality replacement ksanbee permuted downwards to
the axioms, so that it is possible to obtain a proof in whichiadity replacement is ap-
plied only on sequents that are axioms by themselves, oingstdby obtaining equality
replacement on axioms. Cut can be permuted downward uetthiér reaches an axiom, or
a sequent that is derived by equality replacement from aomaxi

In theory, cut elimination can cause a hyperexponentiakhlp of proofs, see [12] or
[14]. In practice, it is easy to detect the cases where thisldvbappen. Increase of proof
size happens when a cut is permuted with a contraction. |beaeasily checked that in
the application that we have in mind, elimination of repdataildups and breakdowns of
contexts, no such permutations can occur.

In [5], cut elimination for sequent calculus in classicagjiois described. Because
Sed, operates on multisets with the standard structural rubesctit elimination proce-
dure for Se@ is similar to the procedure in [5]. In particular, cut can beays permuted
with an introduction rule that does not introduce the cutrfola. The fact that cut in S@g,
cuts away three formulas does not change this propertyr Afesse permutations, the only
cases that need to be checked are the cases where a cut &lappbequents, in each of
which the cut formula is introduced directly before the dutere are four possible cases, de-
pendent on the logical operator being introduced. Threbefdur possible cases are given
in Figures 13, 14 and 15. We omitted the case where cut pesnwite < introduction
because it can be reduced to the/-case by writing out the definition ef> .

8 Automatic Proofs of Propositional Rules

The propositional rules of both of the sequent calculi, dvelgropositional equivalences
in Figures 1, 2 and Figure 4 can be checked by case analysise 8iere may be many
cases, checking the cases by hand is tedious and it is easgki® mistakes. We sketch
a general method by which such case analysis proofs can lodezhautomatically. All
propositional sequent rules and all propositional eqeiveés have been checked in this
way. The prograrhwas written inCt=.

1 The program can be downloaded from the author's homepage.
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Fig. 13 Permutation of cut through, Vv-introduction

; M, —Prop(A) - I; I,—~Prop(B) -

; I2,~Prop(A) v —ProgB) - Ii; R,ABH M R, -AF T R, -BE
I; [, ~ProgAAB) - I; I, ANBH I; ,-Av-BH
I—l; rg}*

M; R,—PropA) - I1; I,ABE I1; R, -AE

Ii; ,BE Ii; r,-BF Iy; rz,“PrOF(B)}—

Iy, RF

Fig. 14 Permutation of cut throughy, { )-introduction

; R, A,—Prop(B) -

; M, —PropA) - y; ,Prop(Prop(A)), AA —Prog(B) -

I1; I, [Prop(A)(AA—-ProgB)) -

I; 2, ~(PropA))(A— Prog(B)) - M R, -Ak I1; M>,PropA),BF M; R,A-BF
I1; M2, ~Prop([AJB) i R,[AB+ Iy R, (A)-BF
M RLE
=
M I, —~Prop(A) - y; I>,PropA),BH-
M, r,BF I R,A-BF Iy; R, A,—Prop(B) -
l'l;.l'g,AF M R, -AR I; [, —Prop(A)
I RE

Fig. 15 Permutation of cut througt, 3-introduction

I1; 2, —Prop(P(y)) -

; I,3x ~Prop(P(x)) I ,P(t) F M H,-P(y) F
; I, —~Prop(Vx P(x)) - M R, Vx P(x) + M [, 3x -P(x) -
I, RF
=
I I,P(t) I R, —P(t) + I; I, —Prop(t) -
NPl

In the permuted proof, the proofs 6f; I,—PropP(y)) - andl; 2, —P(y) - have been instantiated by the substitution
y:=t. This is possible becaugesatisfies the eigenvariable condition.
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In order to illustrate the method, we treat the first equivedein Figure 4. In order to
prove its correctness, one has to prove that for every irgttfionl = (D,f,t,C,[]),

[(AAB)=1( (A)B)V((B)A)),

This can be done by assignifgandB values from{f,t,e;,e;} and evaluating both sides
of the equation, using Definition 4. The values are the truth constants, whik, e, are
generic, non-Boolean elements®f The program represents all elementathat are not
truth-values by objects of formS, whereSis a non-empty subset ¢&;,e,}. In general, if
the equivalence hasvariables, one needsconstants. Since is idempotent and commu-
tative, the se6 can always be normalized by removing repeated elementsatidgsthe
constants in an arbitrary way.

The example contains two variables, which take values ffémes, e}, so that there
are 4 possibilities to check. The following table contains a feithe possibilities:

A B ANB AB (B)A ((AB)V ((BYA)

f f f f f f

f et | M{ed f m{er} M{er}
M{er} t M{er} M{er} n{er} M{er}
e} | e} | M{er e} | M{er, e} | M{e, e} r{er, e}

t t t t t t

The correctness df ((A)B) V ({B)A) ) = | (AAB) can be checked by comparing the corre-
sponding table entries.

Correctness of propositional sequent rules (for exampleofidm 6 and Theorem 4),
can be proven in a similar way. For a sequence of elemerids ofie can define a predicate
FS(ds,...,dy) denoting that the sequedt, . .., d - fails strongly. After that, the proofs re-
duce to checking whether in all interpretatidnghe conclusion of the sequent fails strongly
iff all of its premises fail strongly. All propositional reé of Segc, have been checked in
this way. The propositional rules of %lq have also been checked in a similar way.

9 Conclusions, Future Work

We have introduced PCL, which is an extension of first-ordgid supporting partial func-
tions and explicit type reasoning. It is based on the notminstrong validity and strong
unsatisfiability, which we believe capture the naturalicetsehaviour of simple type sys-
tems in a first-order setting. Strong validity makes it pokesio express complex typing
conditions in first-order logic, but at the same type keeigtsigss.

We introduced two sequent calculi for PCL. The first calcubespc, closely follows
the multi-valued semantics of PCL, but it seems not suitédnigractical usage, because
of its unpleasant proof theoretic properties. The secolzlits Sed, seems to have all
features that are required for practical use. Proving apé thecking are separated, proofs
can be easily presented, and it allows cut elimination.

Handling of partial functions was one of the motivationg thare mentioned in [11] for
introducing geometric resolution. The current paper issalteof this. Our aim is to extend
geometric resolution (and its implementation in Geo [9)ttsat it can handle PCL.

This research was funded by the ‘Programme for the AdvancepnfeComputer Sci-
ence’ of the city of Wroctaw.
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