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—— Abstract

We give an overview of a new logic for interactive proof checking, which we call PHOLI.

The intended application is the formalization of mathematical proofs that occur in theoretical
computer science. PHOLI is based on a 3-valued logic with strict semantics. Types and preconditions
of partial functions can be expressed in this logic. The first-order variant does not need an additional
type system, but PHOLI still has a minimal structural type system to avoid logical paradoxes
caused by higher-order. Higher-order logic is unavoidable because many notions in computer
science are inductive in nature. PHOLI uses overloading techniques from modern programming
languages to resolve ambiguous names. We will present terms, the structural type system, the type
resolving algorithm, a simple natural deduction calculus which specifies PHOLI completely, and a
few formalizations. PHOLI has no global data structures, which implies that every defined data
structure is automatically polymorphic.

2012 ACM Subject Classification Author: Please fill in 1 or more \ccsdesc macro
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1 Introduction

We give an overview of the PHOLI calculus. We start by formulating the goals of PHOLI.
Some of these goals may be very long term, but it is still good to keep in mind what the goals
are. Firstly, verification should obviously ensure correctness. Secondly, formalizing a group of
proofs should improve the understanding of these proofs, in the same way that implementation
in a high-level language improves understanding of an algorithm. Most of this understanding
will come from observing the dependencies and observing that many subparts of the proofs
do not depend on everything that was proven or assumed around them. This makes it possble
to make these subproofs more generic, and reuse them later. A good proof checker will invite
to see proofs in unexpected ways, in the same way that a good programming language invites
to look at algorithms in surprising ways. Ideally, a system based on PHOLI should be usable
in teaching. In our experience with teaching formal language theory, in particular pumping
lemmas ([10]), students have problems understanding counterfactuals, and understanding
the difference between existential and univeral quantification (instances can be chosen or
must be generic), in combination with the De Morgan laws.

The calculus must be well-defined, not too complicated, and its implementation should
also not be too complicated, or at least have a reasonably small trusted core.

A future implementation should support automatic proof search, at least for type checking.
Because in PHOLI, types are expressed inside the logic, there is no border on how complex
they can be. We nevertheless think that most type conditions can be expressed by Horn
clauses that derive the types of a term from the types of its subterms, so that most will be
automatically checkable.

PHOLI takes the 3-valued logic of [3] as starting point. This logic is best understood
in terms of strong unsatisfiability. A sequent Ai,..., A, & is strongly unsatisfiable if it
is unsatisfiable, and in addition, the first formula whose interpretation is not t, is always
interpreted as f. Strong unsatisfiability is able to capture the requirement that formulas
and functions must be declared before they are used. If one assumes that # A means
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I(A) € {f,t}, then #A,-(A — (AV B)) I is not strongly unsatisfiable, because one can
interpret I(A) = t, I(B) = e. On the other hand #A,#B,-(A — (AV B)) I is strongly
unsatisfiable. We give the basics of strict 3-valued logic in subsection 2.1.

In order to make this logic usable, it has to be generalized to higher-order. This is
in principle straightforward, but one needs to add a type system. In order to separate
functions from simple objects, (or in general, keep values of different logical categories apart),
a rudimentary type system is needed. We call the resulting types structural types. Once
we have structural types, it is convenient to allow the user to introduce more types by
defining structs. This makes it possible to define things like finite automata, which can
be represented by a tuple (Q, 3,0, Qs, Q). Although technically, one could formalize tuples
inside 3-valued logic by adding proper axioms (for example set theory), in practice, one
does not want to do that. In practice, there never is any need to mix automata with other
mathematical objects, like e.g. numbers. Once we have the possibility to define structs, it is
also convenient to use them to define signatures. We do this in Section 4 when we introduce
natural numbers. An additional advantage of adding a structural type system is that names
can be overloaded for different types. This is used in Sections 3.1 and 3.2, where strictness
and functionality predicates are being defined for predicates of different arities. In addition,
one can reuse the same predicate name for different structs, for example calling a predicate
'well-formed’. In our view, this addition greatly improves user friendliness.

2 Overview of PHOLI

We start by giving an informal introduction of PHOLI. Our goal is to find a logic in which
it is convenient to express mathematical concepts, as they occur in theoretical computer
science. The problem with a project like this is that it is difficult to distinguish between
problems arising from lack of familiarity with the logic, problems arising from lack of tools,
and problems that are intrinsic to the logic itself. This is necessarily a slow process.

2.1 Strict Three-Valued Logic

PHOLI is based on a variant of three-valued logic developed in [3], which was called partial
classical logic (PCL). The main goal of PCL was to be able to transfer type information into
the formulas, so that one can write Vz Nat(x) — « > x instead of Va:Nat = > x.

The advantage of this approach is that it becomes possible to reason about types inside
the logic, which makes it possible to add preconditions to functions, add subtypes, add a
single element to a type, etc. The obvious disadvantage is that type checking is not automatic
any more.

Since types now have become a part of the logic, instead of something that is checked
before proving starts, one needs a way of expressing ill-typedness in the semantics. For this
purpose, a third truth value e was introduced, in addition to the standard truth values f, t.
The meaning of e is error. This is different from Kleene’s logic (see [6], or [4]), where the
third truth-value is interpreted as unknown. The main problem of interpreting ill-typed
formulas as unknown, is that well-typedness cannot be used as precondition. If one assumes
that an ill-typed formula is true, one implicitly assumes that it is well-typed, hence it acts
as a type declaration. This invalidates the main goal of a type system, which is to reject
ill-typed formulas. In order to express well-typedness, PCL uses a logical operator #A, with



88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

Anonymous author(s)

truth table

1]

The interpretation of #A equals t if the interpretation of A is a proper boolean. Using
#, one can express that predicate < is well-defined, whenever its arguments are natural
numbers: Vz,y Nat(z) A Nat(y) — # = < y. Implication — is separated into two implication
operators: Lazy implication is written as [A] B, and strict implication is written as A — B.
In lazy implication, A acts as a declaration whose scope extends into B. In strict implication,
both A and B must be independently well-typed. The formula [#A] AV —A is valid in PCL,
while #4 — (A V —A) is ill-typed. The truth tables are as follows (first argument down,
second argument to the right):

t
e | e | e —: | e | e | e
[]
flel|t fle|t

The difference is that, in case of [A] B, whenever I(A) = f, the value of I([A] B) will always
be t, while in case of A — B, the value of I(B) still needs to be a proper truth value. This
guarantees that I(Va [Nat(z)] > z) is always interpreted inside { f,t }, while at the same
time, I(Vz Nat(z) — x > 2) can be e.

In the similar way as — was separated into two operators, we separate A into two
operators (A) B and A A B. The intuitive meanings are the same. In (A) B, the left hand
side A can act as a declaration whose scope extends into B, while in A A B, both A and B
must be well-typed independently. The respective truth tables are:

(Y:|e|e|e N:ilel|ele
flelt flel|t

In the same way as with — and V, the interpretation I( 3z (Nat(x)) x > x) is always in
{f,t}, while I( 3z nat(z) Ax > x) can be e, when I(Nat(z)) = f.
For completeness, we list the remaining propositional operators:

2.2 Structural Types

In PCL, types were expressed as predicates inside the logic. This is unproblematic as long as
one uses only first-order logic, but it is impossible in higher-order logic, because it will not
prevent the paradoxes. As a consequence, some kind of built-in type system is needed, which
is able to separate logical levels.

In addition to separating logical levels, it is useful to allow the user to define types.
Defined types are useful for representing mathematical objects that are naturally represented
as tuples, like partially ordered sets, rewrite systems, automata, or grammars. Although one
could in principle do this inside the logic by axiomatizing tuples, in practice, one never mixes
tuples representing different mathematical structures. Expressing types by predicates is only
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122 useful when a single value can have more than one type at the same time. This also applies
123 to preconditions of functions because preconditions can be viewed as subtypes. A value that
124 satisfies a precondition can be viewed as having two types: Its base type, and the implicit
s type attached to the precondition.

s » Definition 1. Structural types are recursively defined as follows:

127 O is a structural type, representing the type of objects.

128 T is a structural type, representing the type of truth-values (including e.)

129 If v is an identifier, then v is a structural type.

130 If \ is an index, then \ is a structural type.

131 If Uy,..., U, are structural types, and V is a structural type, then V(Uy,...,U,) is a

132 structural type.

1 PHOLI distinguishes between V(Uy, ..., Uy, W1, ..., Wy,) and V(Wq, ..., W) (Uy,...,Uy,).

134  In the first case, the function requires n+m arguments of structural types Wy, ..., W,,, Uy, ..., U,.

135 In the second case, the function additionally can be called with arguments Uy, ..., U,. PHOLI
s uses controlled Currying. Currying means that there is a single, binary application operator,
17 and that functions are applied one argument at a time. This requires that all incomplete
s applications, including the function itself, must be independently typeable. We want to
1o allow inexact names that can be overloaded for different argument types, like all modern
1w Pprogramming languages as Java and Ct+ have them. This is only possible if there are no
w1 incomplete applications. Since it is sometimes convenient to use an incomplete application,
12 we allow incomplete applications at designated points that the user can choose.

143 PHOLI allows inexact names, which during type checking are replaced by exact overloads.
1us  Inexact names are represented by identifiers, while exact overloads are represented either by
15 a De Bruijn index (if local), or by an index into the environment (if global). Inexact names
us are also allowed in structural types. During type checking they are replaced by the index of
w7 a struct definition in the environment. A struct definition has the following form:

us > Definition 2. Ifvq,...,v, (n > 0) is a sequence of mutually distinct identifiers, T1,...,T,
w18 a sequence of structural types, then v := struct(vi:Ty,...,v,: Ty ) is a struct definition.
150 Struct definitions must be not circular. This is different from programming languages like

s C/CTt, where one can write struct list { val double; list* next; }; We assume
12 that type definitions are intentional. This means that two declared struct types with
153 identical fields having the same names will be treated as distinct.

1« » Example 3. In order to define natural numbers, one needs a zero, and a successor function.
155 They can be defined together as struct(0: O, succ: O(0O) ). We could call this struct 'Nat’.
155 We could define when a predicate is under s.0 and s.succ as follows:

157 isclosed := An:Nat AP: T(O) P(s.0) AVa:O P(x) — P(s.succ(x)).

s The type is T(T(O))(Nat). Restriction of Currying makes it possible to define isclosed
10 predicates for different structs without risk of confusion. If we would merge the two A-s,
1o the type would become T(Nat, T(O)). In that case, one could not use isclosed(s, P) or
61 s.dsclosed(P) without an additional argument. For example, an object is generated by s (of
12 type Nat) if all closed predicates are true on it:

163 gen := As:Nat Az: O VP: T (O) [strict(P) ] s.isclosed(P) — P(z).

1« The type is T(O)(Nat). In the definition, isclosed is applied on P incompletely. strict is
s defined as strict := AP: T(O) Va: O #P(z), which ensures that that applying P never results
s in e, and the meaning of [] was defined in Section 2.1. It is a kind of implication that requires
67 s.dsclosed — P(x) to be well-typed only when strict(P) is true.
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2.3 Terms
» Definition 4. The set of terms is recursively defined as follows:
If 1 is an index, then u is a term.
If v is a local variable, then v is a term.
If v is an identifier, then v is a term.
1L and T are terms.
If A is a term, then - A, and # A are also terms.
If A and B are terms, then ANB, AV B, A— B, A<+ B, [A]B, and (A)B are also
terms.
If t and u are terms, then t ~ u is also a term.
If A is a term and vy, . .., vy are local variables, T, . .., T, are structural types, Vvi: 11 - - -vp: T A

and Fv:Ty ---vp: T, A are terms.

If f and t1,...,t, (n > 0) are terms, then f - (t1,...,t,) is also a term. The intended
meaning is the application of f on t1,...,t,. If f is an identifier, local variable, or index,
we write f(t1,...,tn) instead of f- (t1,...,tn).

If v is a local variable, t is term, T is a structural type, and u is a single term, then
let v:=tT in u is also a term.

If t is a term, v1,...,v, with p > 0 is a sequence of variables with structural types
Th,...,Tp, then ATy - v, Ty, t is a term.

Instead of standard function notation f(¢1,ts,...,t,), we also allow member notation

t1.f(fa,...,tn). This is sometimes more natural, especially when ¢; has a struct type.

Excepts for syntax, there is no difference.
We call all declarations, definitions, assumptions and theorems together the environment.

» Definition 5. The environment is a finite sequence of items of one of the siz forms below:
A struct definition of form v := struct(---), see Definition 2.
A declaration of form v:T.
A definition of form v :=tT.
An assumption or theorem of form v(Ty,...,T,) = asm(F,7), or v(Ty,...,T,) =
thm(F, 7). T1,..., Ty, is a sequence of structural types, and F must be a term (formula).
A field definition of form v := fld(u, i), where p is an index and i is the position of the
field in its struct.
A constructor definition of form v := constr(u), where u is an index.
All cases introduce an identifier. It is possible that the same identifier is introduced more
than once.

During type checking, identifiers are replaced by indices into the environment, which makes
them completely unambiguous.

Names of theorems and assumptions occur only at designated places in proofs. Hence
their names cannot conflict with the other names. In case of asm(F, ), 7 must be a proof
of #F. In case of thm(F,r), = must be a proof of F. The T1,...,T, are structural types
that further identify the theorem, to support overload resolution. They are automatically
extracted from F if F' starts with a universal quantifier.

Field and constructor definitions are automatically obtained from the struct definition. If
the struct definition has form v := struct(vy: 171, .. .,v,:T,) and its index in the environment
is u, then the field definitions have form v := field(p, i) for 1 < i < n, and the constructor
definition has form v := constr(u). No types are stored, since type checking algorithm will
infer their types from the struct declaration.
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In a declaration or definition, where T is a functional type, we will allow to write the
arguments of the type as arguments of the defined variable. This results in more readable
definitions/declarations. So, instead of

vi=(MyTy - X0 Ty t :T(T,) - (Th)

the user can write

v(@yTy) - (U Ty) == t:T,
which is a lot more readable.

» Example 6. Looking back at Example 3, the definition of isclosed can be written as
isclosed(n: Nat)(P:T(0)) := P(s.0) AVz:O P(x) — P(s.succ(z)),

and the definition of gen can be written as
gen(s:Nat)(P: T(0)) := [strict(P)] s.isclosed(P) — P(x).

For a given identifier v and index i, there can be at most one assumption or definition. If an
identifier v has distinct definitions or declarations v?,v? with types T and ", it must be the
case that II(T") # II(T"). Otherwise, there is no situation in which it would be possible to
choose between v’ and v7.

2.4 Structural Type Checking

Now that we defined the belief state, we can define type checking for structural types. The
algorithm is standard, with the only change that PHOLI supports overloading, so that
functions with the same name can be defined for different application patterns. It is not
difficult to obtain, and it increases user friendlyness. For the types that the user defines inside
the logic, one should not try to allow overloading. There is no way to automatically determine
such types, and it would be risky, because in many cases it will be hard to determine which
overload has been selected, which would make it hard to determine the exact meaning of a
term.

» Definition 7. A context I' is a finite sequence of assumptions of form vi:Ty, ..., v,:T),
with n > 0. The variables v; must be pairwise distinct.

We think that there should be no overload resolution for local variables, so that variables in
contexts do not have indices. In reality, the v; are represented by De Bruijn indices, so that
there is no need to store them in the context.

» Definition 8. Function apply(T,i,(T1,...,T,)) tries to apply structural type T on
structural types Th, ..., Ty,. If it succeeds, it returns the resulting type.

If i =n+ 1, then apply succeeds and the result is T.

Otherwise, if T has form U(Uy,...,Uy) and i +m > n+ 1, then apply fails.

If T has form U(Uy,...,Uy), i+m <n+1, and for 1 < j < m, we have U; = Tj4;_1,

then apply(T,i, (T4,...,T,)) = apply (U,i +m,T1, ..., T,).
Function apply(E,, (T1,...,Ty)) tries to apply E,, on structural types Tt,...,T,. It first
decides what type E,, requires, and after that, it calls apply with the required type. If it
succeeds, it returns the resulting type.
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If E, is a declaration v:T or a definition v := T, then apply(E,, (Th,...,T,)) =
apply(T,1,(Ty,...,T,)).
If E,, is a field definition of form fid(y', ), then let struct(vy: Ty, ..., v, Ty) = E, be the
definition of its struct. We set apply(E,, (T1,...,T,)) = apply(Vi(¢'), 1, (T1, ..., Ty)).
Here we are using the index p' as a structural type. We treat a field as a function from
the struct to the type of the field.
If E,, has form v := constr(y'), then let struct(vi: Ty, ...,v,:Ty,) = E, be the definition
of its struct. apply(E,, (T1,...,Ty,)) equals apply (1/(Vi,..., Vi), 1, (Th, ..., Ty)). We
are using u' as a structural type again. The constructor is a function from the types of
the fields to the struct.

In the remaining cases, apply(E,, (T1,...,Ty)) fails.

» Definition 9. Let t be a term, let I’ be a local context, let E be the environment. We
define partial function stype(T,t) that returns a pair (', Z), where t' is a term, and Z is
the structural type of t'. Term t' is obtained from t by replacing inexact identifier names by
local variables or by indices into the environment. We are using letter Z for the structural
type instead of T, because T' is too similar to T.
We omit E from the parameter list, because it never changes during typechecking. The result
of stype((T',t) is recursively defined following the structure of t :
If t is an identifier, then stype(T',t) = stype(T',t- ()).
If t equals T or L, then stype(I',t) equals (t,T).
If t has form —ty or #ty, then let (¢}, Z1) = stype(T',t1). If Zy = T, then stype(T,t)
equals (—t},T), (or (#t},T)). Otherwise it fails.
If t has form ti x ta, where x € {\,V,—, >}, then let (t), Z1) = stype(T,t1), and let
(th, Zo) = stype(T, ts). If Zy = Z5 = T, then stype(T,t) equals (t) xth, T). Otherwise,
it fails.
If t has form [t1]ta, then let (t),Z1) = stype(T,t1), and let (t5, Z2) = stype(T,t2). If
7y = Zy =T, then stype(T,t) equals ([t}]t5, T). Otherwise, it fails. The case for (t1)ts
s analoguous.
If t has form t1 =~ ta, let (t},7Z1) = stype(T',t1) and let (ty, Zo) = stype(T,tq2). If
7y = Zy = O, then stype(L,t) returns (t] ~ t}, O). Otherwise, it fails.
If t has form Qui:Vi---v,: V), t1, then let (t),Z1) = stype(IT' o (vi: Vi ---vp: V), t1). If
Z1 =T, then stype(T',t) = (Qui: Vi - - v,: V), ], T). Otherwise, it fails.
If t has form Avi: Vi ---v,t V), ty, then let (¢, Z1) = stype(T' o (vi: Vi -+ - vp: V), t1). After
that, stype(T',t) = (Avi:Vi---vpVp th, Z1(Va, ..., Vp) ).
If t has form v - (t1,...,t,) with v an identifier, then first get (t}, Z;) = stype(T, t;), for
1 <i<n. Ifv occurs as v: Z in T, then stype(I',t) equals apply(Z,1,(Z1,...,2Z,)).
Otherwise, let M be the set of indices in E that introduce something called v. Let
M = {(r.Z) | p € M and apply(E,, (Z1,...,Zy)) succeeds and returns Z}. If M’
contains zero or more than one element, then stype(I',t) has failed. Otherwise let (p1, Z)
be the unique element of M'. Then stype(T,t) equals (u- (t,...,t)), Z).
If t has form to - (t1,...,t,) with ty not an identifier, then let (ty, Zo) = stype(T, ty),
and let (t;, Z;) = stype(T',t;), for 1 <i<n. Let Z = apply(Zo,1,(Z1,...,Z,)). Then
stype(T',t) equals (ty - (t),...,t0,), Z).
If t has form let v :=t1:T in to, then let (t}, Z1) = stype(T',t1). If Z1 not equal to T,
then fail. Otherwise, let (th, Zs) = stype(I' o (v:T),t2). After that, stype(T',t) equals
(let v:=¢t:T in t), Zs).
Note that there is no special case for field selection t.f, since the parser replaces it by f(t).

XX:7
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This concludes the discussion terms of PHOLI, and its type system. In order to prove
theorems, one could use the sequent calculus Seqpe, in [3], but an earlier prototype has
shown that this calculus (and probably every other sequent calculus) is too user unfriendly.
We refrain in this paper from defining a concrete calculus for proof editing, but it will
probably be resolution based.

2.5 An Axiomatic Calculus

We present a simple axiomatic calculus that is suitable for checking PHOLI proofs. The
calculus is simple enough to serve as a trusted code base for checking proofs. We do not
expect that a simpler calculus is possible. At this moment, we are not sure if the calculus is
suitable for interactive proof checking. We call the calculus Ax,.,, pg . The calculus is based
on the semantics that we informally described in Section 2.1. Because PHOLI is higher-order,
we need to be able to simplify certain functional expressions that may be introduced by a
higher-order substitution.

» Definition 10. We write t; = to when t; can be reduced into to, possibly with a subscript
indicating the reduction used. The following reductions are possible:
beta: If m > n, then

()\UltTl "'UnZTn t) . (tl,...,tm) =>5 t[’Ul = tl,...,tn = ’Un] . (tn+1,...,tm).

B-reduction takes n arguments from an application term, and leaves the remaining
arguments in the application. If m = n, the resulting empty application can be removed
by associativity-reduction.

def: If E, = (v:=t:T), then pn =5 t. If p is the index of a definition in the environment, it
can be expanded. We are using the fact that indices can be used as terms.

projection: If E., = constr(u), and and E, = fld(p, 1), then v is a constructor p, and ¢ is
a field of the same struct p. In that case, one has

<p~(’y-(tl,...,tn),ul,...,um) Bl ti~(u1,...,um).

It is possible that m = 0.
assoc: The following reductions are needed because we allow incomplete function application:
t-() =, t
(t-(t1yeeestn)) (Uyee s Um) =a t-(B1yeeeytn, Uty e ey Um)

In order to understand projection, note that by associativity reduction @-(y-(¢1,...,tn), U1, ., Um)

is equivalent to (¢ - (v (t1,...,tn)) * (u1,...uy). In principle, let v := T in u can be
replaced by (Av:T u) - ¢, but that is not what let is intended for. let is used when the user
wants a gradual, controlled replacement of v by t.

In an axiomatic method, only formulas are derived, which implies that technically, no
further structure is needed. Nevertheless, it is still convenient to introduce sequents, because
they can be viewed as a restricted form of formulas, which separate into a passive and an
active part and restrict the possible forms of the passive part.

» Definition 11. A sequent is an object of T'y,..., Ty B A (n > 0), where each T; is either a
declaration of form v: T, a definition v :=t:T, or a formula.

The intuitive meaning of a valid sequent is: If in some interpretation, all variables in I" are
introduced, in such a way that the definitions are respected, and all formulas are true, then
A is true in this interpretation.
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We want to view sequents as a restricted form of formulas, but unfortunately, we lack an
operator for this. Consider for example, the sequent p: T, p - p. PCL has no operator that
can express this.

» Definition 12. We define a new operator A = B with the following semantics: A =— B

is interpreted as t if either A is e or f, or B is t. In the remaining cases its interpretation is
f.

Operator = can be used only in proofs, it cannot occur in assumptions or theorems in the
environment. Note that A = B can be translated into [#A][A](#B)B. This is a bit long,
so we prefer to use = . At this point, sequents can be translated into formulas:

» Definition 13. Let '+ A be a sequent. The meaning of I'F A is a formula obtained as
follows: If ||T|| = 0, then the meaning of T+ A equals A. If |T|| > 0, writeT' =T1,Ta,..., T,
and let F' be the meaning of T'a, ..., Ty B A. If T'y has form v:V, then the meaning of T F A
is Vu:V F. If 'y has form v := t:T, then the meaning of ' = A equals let v :=t:T in F. If
I’y is a formula A, then the meaning of '+ A is A = F.

We only consider sequents that are well-typed, i.e. whose meaning will be accepted by
stype(,, ) returning T. This implies that local variables introduced in a sequent are treated
as local variables. Calculus Axpyr, is an axiomatic calculus. We now define what the axioms
are:

» Definition 14. Let F be a closed formula, containing only (1) second order universal
quantification of form Yu:'T A, and (2) the propositional operators L, T, #, A\, V,—, <
01, (), as well as = . We call F an axiom if F is t in every interpretation.

It is easy to design an algorithm that checks if a formula F' is an axiom. Since all quantifications
are propositional, and there are only three truthvalues, it is straightforward to iterate through
them.

» Definition 15. Let I be a finite mapping of local variables to truth values f,e,t. We define
a function eval(I, F') that evaluates a formula (containing only propositional operators and
propositional quantification) in I as follows:
If A= 1, theneval(l,A) =f. Ift =T, then eval(l,t) = t.
If A is a local variable v, then eval(l, A) = I(v).
If A has form #Ay or = Ay, then let b = eval(I, Ay). After that, use the truthtables in
Section 2.1 to obtain the value of eval(I, A).
If A has form Ay N Ay, A1V Ag, Ay — Ay, or Ay <> Aa, then let by = eval(l, Ay), and
let by = eval(I, Az). Use the truthtables in Section 2.1 to obtain the value of eval(l, A).
If A has form Ay = A, then then let by = eval(l, A1), and let by = eval(l, Ay). Use
Definition 12 to obtain the value of eval(I, A).
If A has form Vu: T Ay, then let B = {eval(I U {v,b}, A1) |be {f,e,t}}. Ife € B, then
eval(I, A;) = e. Otherwise, if f € B, eval(I, A1) =f. In the remaining case, B = {t},
and we set eval(l, Ay) = t.
F is a tautology if eval(, F) = t.

Unfortunately, function eval(Z, F') has exponential complexity, and there is little hope for
a better algorithm since the property of being a tautology is PSPACE complete. On the
positive side, algorithm eval(/, F') runs in polynomial space.

» Definition 16. Before we define Axpyr,, we introduce three more reduction rules that are
specific to Axpyr, :

XX:9
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The following reduction essentially turns 3 into a defined operator:
Jui: Ty vy A =3 VoI - v T, A

The following reduction permutes # with V :
#VoiTy - vp Ty A=y Yo Ty - vt T, #A.

The following reduction represents the fact that any two terms are equality comparable:

» Definition 17. axiom: If A is an aziom, as defined in Definition 14, or A € T, then

r-A
import: If either thm(A, w) or asm(A, ) occurs in E, then

'-A
red:

r-A
A

If A" and A can be merged by applying reductions of Definition 10 in either direction,
possibly applying them on subterms. If there are definitions v :=t:T in I", these can be
used as reductions too.

= elim/intro:

'-A I'mA=20B I'NAFB
I'HB 'rA= 1B

V elim/intro

F"V’UliTl"'UplTpA F, 'l)llTl""l}pZTp}_A
TE Aoy i=t1,...,0p i= 1) FEvorTy - v T, A

let elim/intro: If no free variable of t is bound in Al ], then

'k Allet v:=tT in u] T, v:i=tTF Alul
I, vi=tTF Alu) Tk Allet v:=¢T in u]

def: If v does not occur in A, then

' vi=tTHFHA I'-A

A Hv=tTFA

Note that if v occurs in A, the definition can be used as a reduction.
eqrepl:

FFt1%t2 FFA[tl]
T - Alt)]
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3 Example Developments

In the rest of this paper, we give examples of developments with PHOLI. We start with a
couple of fundamental definitions, predicates that specify whether a property is well-behaved,
i.e. never returns e. We call this property strictness. We try to translate the informal notion
of well-typedness into strictness as much as possible, and handle as much as possible inside
the logic. Because PHOLI is a higher-order logic, not all informal well-typedness can be
translated into strictness, so that PHOLI still has a rudimentary type system based on
structural types. This rarely causes problems, but it does cause problems in automata theory,
when one wants to perform the subset construction. Subsets of states are of a higher logical
order than states themselves, but need to be mapped to single states again to obtain a valid
automaton.

In the next section, we define a few predicates that specify the behavious of functons.
In Section 3.3 we explain how to introduce functions. Function introduction is problematic.

It is a fundamental operation that is not easily expressible as a deduction rule. We solve

the problem partially by defining a struct containing a function introduction operator.

Unfortunately, due to the way that PHOLI is organized, one has to assume this operator
everywhere where a function is introduced, which becomes unpleasant very quickly. The
argument in favour of doing this, would be the fact that one could replace it by another
function introduction operator, but we are not using choice functions, so there is only one
way in which functions can be introduced. The only freedom that one has, is what value
should be returned when the underlying relation is not functional. In Section 4 we give a

rudimentary introduction of natural numbers. It shows how PHOLI is intended to be used.

Due to the fact that it has no global objects, everything that is introduced, is automatically
polymorphic. This also applies to natural numbers, which automically become polymorphic
over the zero, and the successor function. While this is unusual, it might have advantages
too, because one can pick an arbitrary constant, and unary function, and as soon as they
satisfy the Peano axioms, they become natural numbers.

3.1 Strictness Predicates

A predicate is strict if it never results in e. We use the following predicates for expressing
strictness:

(P:T):=#P

strict( (0)) :=Vx1:0 #P(x1)

strict( (0,0)) :=Va1,29:0 #P(x1,22)
strict( P: T(0,0,0)) := V1,29, 23:0 #P(x1, 22, 3)

strict( P: T
P:T
P.T

Here we see PHOLI’s possibility of overloading defined/declarated identifiers in action. The
type of the argument makes sure that overload resolution picks the right version strict.

Similarly, it is convenient to state that some predicate is well-behaved (does not return e)
everywhere, where some other predicate is defined:

stricton( P,Q:T(0)) :=Vz1: O P(z1) — # Q(x1)
stricton( P, Q:T(0,0)) := V1, 22: 0 P(x1,22) = # Q(x1, 22)
stricton( P, Q: T(0,0,0)) := Va1, ze,x3:0 P(x1,22,23) — # Q(x1, 22, 23)

pI‘Od( Pl,PQIT(O))(.’El,l'QZO) = Pl(.’El) AN PQ(.’EQ)
pI‘Od( Pl,PQ,PgiT(O) )($1,£C2,(E320) = Pl(l'l) AN PQ(Z’Q) AN P3(£L’3)

XX:11
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w3 For example, if one wants to specify that a predicate Nat: T(O) is always defined, one can
me  state strict(Nat). If one wants to state that leq (less or equal than) is defined whenever
us  both of its arguments are natural numbers, one can write stricton(prod(nat, nat), leq).
ws  Expanding the definitions results in

a7 Va1, x2: O Nat(z) A Nat(y) — #leq(z, y).

« 3.2 Specifying the Behaviour of Functions

uo  If one wants to state that succ: T(O) is a function from Nat to Nat, one can write Va: O Nat(z) —
0 Nat(succ(z)). Since such formulas are tedious to write and hard to read, we introduce
st definitions:

fromto( P:T(0),Q:T(0,0))(f:0(0)) :=
Vx1:0 P(z1) = Q(f(x1))

fromto( P:T(0,0),Q:T(0,0,0))( f:0(0,0)) :=
Vay,x2:0 P(x1,22) = Q(f(x1,22))

fromto( P:T(0,0,0),Q:T(0,0,0,0))(f:0(0,0,0)) :=
Vxl,:rg,:z:g O P(l’l,IQ,Ig) ( (Il,fﬂg,xg))

452

3 Now one can write func(Nat, Nat, succ), or func(prod(Nat, Nat), Nat, sum). If one wants
¢ express that minus(x,y) is defined only when leq(y, x), one has to write

455 Va,y: O ({Nat(z) A Nat(y)} Aleq(y, z) ) — Nat(minus(z, y)).

456 In order to make it possible to insert preconditions, we define:

With( P1,P2:T(O))(x1:0) = <P1((E1)> PQ(.’El)
457 With( Pl,PQ:T(O,O))(xl,xQ:O) = <P1(IE1,.’E2)> PQ(.’EhiL'Q)
With( Pl,PQIT(0,0,0))(1’1,%2,%320) = <P1({E1,(E2,.’IJ3)> P2(£C1,$2,$3)

s As for the name with, one needs a name that expresses that both are true, but which at
0 the same is clearly noncommutative. This is why we came up with with. Using with, the
wo domain, the preconditions and the result of minus can be expressed as:

461 fromto(with( prod(Nat, Nat), Az, y: O leq(y, z)), Nat, minus).

« 3.3 Function Introduction

w3 We need a mechanism for introducing functions from relations. As explained above, we do
wa  noOt know an approach that is entirely satisfactory. In all cases, we want to avoid using a
w5 mechanism that relies on global choice, like Isabelle or HOL-light has. We start by defining

466 struct Finder := (u: O(T(0),0), d:O)

w7 The field u is a function that takes a predicate and a default value. If the predicate is strict,
ws and t for exactly one value, it returns this value, otherwise its second argument. The field d
wo is a possible default value that one can optionally use as default value for u. We define

470 unique(P:T(0) := 3y:0 (#P(y)) P(y) AVy:O [#P(y)]Py) »y~y
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A predicate P is unique if it is well-behaved and true at exactly one point. One could try
other definitions, like requiring strictness (well-bahavedness everywhere) and truth at exactly
one point, but it won’t make the usage more pleasant.

V2:0,Q: T(O) ~unique(Q) — fu(Q,z2) = z

good( f:Finder) := { V20, Q:T(O) unique(Q) - {#Q(fu(Q. 7)) Q(f-u(Q. 2))

serial(Q:T(0)) := 35:0 Q(y)

serial( P:T(O), Q:T(0,0)) := Vz1:O [P(x1)] Jy:0 Q(x1,y)

serial(P: T(0,0), Q:T(0,0,0)) := Vai,29,25:0 [P(x1,22)] Jy: 0 Q(x1,z2,y)
(

serial(P:T(0.0,0), Q:T(0.0,0,0)) :i—
Vai, e, 23:0 [ P2y, 22, 23) ] Jy:0 Q(1,22,23,y)

linear( Q:T(O)) := Vy1,52:0 Q(y1) N Q(y2) — y1 = 2
linear( P:T(O), Q:T(0,0)) := Vz1:0 [P(x1)] Yy1,y2: O Q(z1,y1) AN Q(x1,y2) = 11 = Yo
linear( P: T(O, Q.T(O, 0,0)) :=

0),
Vi, 22:0 [P(x1,22) ] YVy1,y2: O Q(z1, 2,y1) A Q(22,2) = y1 = Y2
linear( P:T(0O, 0, 0), @:T(0,0,0,0)) :=

Vi, 29,23:0 [P(z1,22,23) ] Yy1,y2: 0 Q(x1, 22, 3, y1) A Q(21, T2, Z3,Y2) = Y1 R Y2

exists(Q T(0)) := Jy:0 Q(y)

exists(Q:T(0,0))(z1:0) := Fy:0 Q(z1,y)
exists(Q (O 0,0))(z1,22:0) := Fy: 0 Q(x1,x2,9)
exists(Q: T(0,0,0,0))(x1,x2,23:0) := functionalFy: O Q(x1,x2,23,Y)

Vf:Finder P:T(0,0) Q:T(0, 0, O)
[strict(P)] [stricton(P, exists(Q)) ] serial(P, Q) A linear(P, Q)
— Va1, 29: 0 [Pz, 22)] Q(z1, 22, find(f, Q, 1, 22))

4 Natural Numbers

Apart from the booleans and the unit type, the natural numbers are probably the simplest
inductive type. The natural numbers are freely generated from 0 and a successor function
succ. We introduce natural numbers from first principles. The way that we do this shows the
peculiarities of PHOLI. We do not define or assume 0 and succ globally. Instead we define a
struct containing them both:

struct Nat := ( 0: O; succ: O(0) )

A Nat can be built from every constant of type O, and every function of type O(O). If s has
type Nat, then s.0 is its constant, and s.succ is its function. In order to construct a Nat,
one can write Nat(c, f). If everything goes well, Nat will resolve into the constructor of Nat,
which has type Nat(O, O(0)).

Some systems fix an existing constant and an existing function satisfying the Peano
axioms, and define the natural numbers as the smallest set that contains the constant and
is closed under the function. This is typically done in systems based on set theory, like for
example EtnaNova/Referee ([9]) or Mizar (|2]). One can take 0 = @, and succ(z) = z U {x}.

In other systems, like Isabelle ([8] or HOL light([5]), natural numbers are defined as an
inductive type, generated by 0 and succ. In this way the type of natural numbers, 0 and

XX:13
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succ are introduced simultaneously and automatically satisfy the Peano axioms. In Isabelle,
consistency of the axioms has to be proven outside of the system ([7]), while in HOL light,
consistency of natural numbers is built-in into the system, and other types are reduced to it.

In PHOLI, proving properties of natural numbers is separated from using them. When
proving properties, we simply assume a Seq together with the Peano axioms (or different
axioms) and prove theorems about it. The Seq is polymorphic, because it can be constructed
from every constant and function. If one wants to apply natural numbers somewhere, one
has to construct a Seq, and prove that this Seq satisfies the necessary axioms.

The PHOLI approach is somewhat similar to the theories in the AtnaNova/Referee
system (see [9] or to locales in Isabelle ([1]), but there are a few differences: Firstly, in
PHOLI, there is complete separation between structure (definitions and fields) and properties.
A Locale (or a theory) consists of a sequence of new objects together with required properties
of these objects, followed by a sequence of consequences. In PHOLI, nearly all types are
just predicates used in a special way, hence they should not be defined simultaneously with
structure. As a consequene struct Nat defined above, does not necessarily define natural
numbrs. In order to make it represent natural numbers, the struct needs to satisfy additional
predicates. Once this approach is adopted, theories are not linear any more. Instead one
creates small blocks of assumptions that can be used and combined freely as preconditions of
theorems. A surprising consequence of this approach is that it is convenient to use the range
of recursion as a Nat.

» Definition 18. Let s:Nat. We define when a predicate P:T(O) is closed:
isclosed( s:Nat, P:T(O)) := P(s.0) AV2:O P(x) — P(s.succ(z)).

Note that isclosed is well-typed inside the structural type system, but not inside the logic:
There is nothing a priori that guarantees # isclosed(s, P). However, it is easy to prove

Vs:Nat P: T(O) strict(P) — #isclosed(P).

» Definition 19. An object is generated by s if every strict predicate that is closed holds on
it:

gen(s:Nat )(2:0) := VP:T(O) [strict(P)] isclosed(s, P) — P(x).

Using member notation, one can write s.contains(z) instead of contains(s, z). The following
properties are easy to prove:

Vs:Nat strict(gen(s)).
Vs:Nat s.gen(s.0)
Vs:Nat s.gen(z) — s.gen(s.succ(z))

In set theory, natural numbers can be defined as the smallest set containing 0, and closed
under successor. In that case, the induction principle is automatic. Definition 19 is similar,
because we define s.gen as the smallest set containing s.0 and closed under s.succ, but it
is not immediately usable as induction principle, because it quantifies over predicates that
are well-behaved everywhere. We want to be able to use induction with predicates that are
well-behaved only on the natural numbers themselves, not necessarily anywhere else. For
this purpose, we prove the following:

Vs:Nat VQ: T(O) stricton( s.gen, Q)
— Q(s.0) = (Vz: O [s.gen(z) | Q(z) — Q(s.succ(z))) — Va: O [s.gen(x) ] = Q(x)
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It can be proven by substituting Az: O (s.gen(z)) Q(z) in gen.

In order to make sure that s:Nat is really a set of natural numbers, function s.succ must
be not cyclic. There are two ways to obtain this, one can either require the Peano axioms, or
require minimality, which means that there exists a functional homomorphic relation into
every (possibly different) Nat. The Peano axioms are as follows:

» Definition 20. We define the Peano azioms:

Va: O s.gen(z) — s.succ(z) # s.0

:Nat ) :=
peano( s:Nat ) { Vay, 22: O s.gen(z1) A s.gen(xz) — s.succ(xy) = s.succ(xa) — 1 &~ T

Instead of requiring that a Nat satisfies the Peano axioms, one can also require that the
Nat is minimal, in the sense that there always exists a functional homomorphic relation into
every Nat. If this is always possible, then the Nat must be freely generating, and hence its
gen predicate defines the natural numbers. We first define homomorphisms:

» Definition 21. We define when a relation between two Nat-s is homomorphic:

R(sl.O, 82.0)
homrel( s1: Nat, s2:Nat )( R:T(0,0)) := /\ V1, 29: O [s1.gen(x1) A sa.gen(xs) ]
R(x1,22) — R(s1.succ(xy), s2.succ(z2))

Using homomorphic relations, one can define that Nat is freely generating if there exists a
linear homomorphic relation into every Nat. There are different ways to do this, but the
easiest way is to use the minimal homomorphic relation, which is the intersection of all
homomorphic relations. Using

minimal(P: T(0))(C: T(T(0)))(z:O0) := VR:T(O) [stricton(P, R)] C(R) — R(x)
minimal(P: T(0, 0))(C:T(T(0, 0)))(z1,22:0) := YR:T(O,O) [stricton(P, R)] C(R) — R(x1,z2)

one can define:
» Definition 22.

minhomrel(sy, so: Nat) := minimal( prod(s;.gen, so.gen), homrel(sy, s2) )
freegen(s:Nat) := Vs':Nat linear(s.gen, Az, y: O (s’.gen ) minhomrel(s, s) )

One can prove the following basic properties:

Vs1, s9:Nat Vay, 29: O sy.gen(zq) A sg.gen(za) — #minhomrel(sy, s, 1, 2)
Vs1, x2: O minhomrel(sy, s2, 51.0, 52.0)
Vs1,$2:0 o1, 22: O [s1.gen(x1) A sa.gen(za) ]
minhomrel(sy, $2, 1, x2) — minhomrel(sy, 2, $1.succ(x1), s2.succ(xs))
Vs1, 22: O [stricton(prod(s;.gen, sa.gen), R) ] homrel(sy, s, R) — serial( Az, y: O ( s5.gen ) homrel (s, s2) )
Vs:Nat peano(s) — freegen(s).

We define a recursion operator:

» Definition 23.

rec( f:Finder )( s1,52:Nat )(n:O) := fau( An":O (so.gen(n’) ) minhomrel(sy, s2,n,n’), f.d)
We can now define a Theory of Natural Numbers:

NatTheory := struct( N: T(0O), 0: O, succ: O(0), rec: O(0)(T(0),0,0(0)) )
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(strict(n.N))( N(0) A fromto(n.N,n.N,n.Nat) )
VP:T(O) [stricton(n.N, P)] P(0)
— Va: O [n.Nat(z)] P(z) — P(n.succ(x))
good(n: NatTheory) := — Va: O [n.Nat(z)] P(z)
VD:T(0)d:O f:0(0) [strict(D)] [ D(d) A fromto(D, D, f)]
/\{ n.rec(D, ¢, f,n.0) = c
Va: O n.rec(D, ¢, f,n.succ(x)) = f(n.rec(D,C, f,x)

Existence of Natural Numbers follows from basic principles:
Vf:Finder Vs: Nat freegen(n) — good(NatTheory(n.gen, n.0, n.succ) )

If one defines

sum( n: NatTheory ) := Az, y: O rec(n.Nat, x, n.succ, y)
mul( n: NatTheory ) := Az, y: O rec(n.Nat, n.0, A\z: O n.sum(z, 2), y)

then one can prove things like:

Vn:NatTheory [ good(n) | Va1, z2: O [n.N(21) An.N(z2)] n.sum(zy, x2) ~ n.sum(ze, 1)

Vn:NatTheory [good(n) | Vay, za,23:0 [n.N(x1) An.N(x2) An.N(z3)]
n.sum(n.sum(xy, a), x3) ~ n.sum(zy, n.sum(xs, xs))

Vn:NatTheory [ good(n) ] Va1, z2: O [n.N(z1) An.N(z2)] n.mul(zy, z2) ~ n.mul(zs, z1)

Vn:NatTheory [good(n) ]| Va1, z,23: 0 [n.N(x1) An.N(x2) An.N(z3)]
n.amul(n.mul(xy, z2), x3) ~ n.mul(zy, n.mul(ze, z3))

Vn:NatTheory [good(n)] Vai, z2,23:0

[n.N(z1) An.N(x2) An.N(x3)]
n.mul(zq, n.sum(zs, x3)) ~ n.sum(n.mul(x, z2), n.mul(x, x3))

5 Conclusions and Future Work

We have given an overview of a logic designed with the aim of becoming an expressive and
user-friendly framework for representation of mathematics. We called it PHOLI, which stands
for partial higher-order logic with interfaces. Interfaces are not present any more in the
current versions, but the name sounds nice. The logic is intended to be used for organizing
and checking proofs that occur in theoretical computer science, like formal language theory,
automata theory, logic. etc.

In Section 2.5, we gave a compact description of an axiomatic calculus for PHOLI. We
think that this calculus describes PHOLI completely, but unfortunately, it not suitable for
interactive proof checking. It can serve as a framework for checking proofs obtained in other
ways.

At the moment of writing we have a prototype implementation. The bottleneck remains
proof editing. The speed of proof editing needs to be shorted by one order of magnitude at
least, in order to become usable. Problems arise from lack of our own exerience, lack of a nice
user interface, and lack of a good interactive calculus. We have made steady improvements
in developing a user-friendly calculus, and expect to make more improvements.

In the version presented here, it is allowed that an environment holds declaratios and
assumptions. This is inherently problematic, because global declarations and assumptions
can be used anywhere, without showing the dependency. We may decide to remove this
feature or allow only a fixed, small set of global declarations and assumptions.
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500 6 Al Statement

s No generative Al was used for any part of this paper, nor the accompanying code.

2 About the Submitted Code

s The subdirectory logic is quite finished. It contains the term data structure, basic functions
s« like substitution, contexts, the environment (called beliefstate), reductions, and printing
ss  functions. Subdirectory parsing is finished, but uses a slightly different syntax than the
s paper. Subdirectory calc implements an interactive calculus that is somewhat usable, but it
s7 needs to be rewritten. The calculus itself will not change too much, but the normal forms
ss  will change, and the current sequent data structure is problematic. File tests.cpp is pure
so0  chaos. The axiomatic calculus in Section 2.5 is a recent development and nothing of it is
oo implemented. Please do not share the code for other purposes than reviewing this paper.
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