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Abstract. We provide techniques to integrate resolution logic with equality in type
theory. The results may be rendered as follows.

— A clausification procedure in type theory, equipped with a correctness proof,
all encoded using higher-order primitive recursion.

— A novel representation of clauses in minimal logic such that the A-representation
of resolution steps is linear in the size of the premisses.

— A translation of resolution proofs into lambda terms, yielding a verification
procedure for those proofs.

— The power of resolution theorem provers becomes available in interactive proof
construction systems based on type theory.

1. Introduction

Type theory (= typed lambda calculus, with dependent products as
most relevant feature) offers a powerful formalism for formalizing math-
ematics. Strong points are: the logical foundation, the fact that proofs
are first-class citizens and the generality which naturally facilitates
extensions, such as inductive types. Type theory captures definitions,
reasoning and computation at various levels in an integrated way. In a
type-theoretical system, formalized mathematical statements are rep-
resented by types, and their proofs are represented by A-terms. The
problem whether 7 is a proof of statement A reduces to checking
whether the term 7 has type A. Computation is based on a simple
notion of rewriting. The level of detail is such that the well-formedness
of definitions and the correctness of derivations can automatically be
verified.

However, there are also weak points. It is exactly the appraised
expressivity and the level of detail that makes automation at the same

f Extended and modified version of [2].



time necessary and difficult. Automated deduction appears to be mostly
successful in weak systems, such as propositional logic and predicate
logic, systems that fall short to formalize a larger body of mathematics.
Apart from the problem of the expressivity of these systems, only a
minor part of the theorems that can be expressed can actually be proved
automatically. Therefore it is necessary to combine automated theorem
proving with interactive theorem proving. Recently a number of propos-
als in this direction have been made. In [4] a two-level approach (called
reflection) is used to develop in Coq a certified decision procedure
for equations in abelian rings. In the same vein, [15] certifies ELAN
traces in Coq. In [13] Otter is combined with the Boyer-Moore theorem
prover. (A verified program rechecks proofs generated by Otter.) In [12]
Gandalf is linked to HOL. (The translation generates scripts to be run
by the HOL-system.) In [20], proofs are translated into Martin-Lo6f’s
type theory, for the Horn clause fragment of first-order logic. In the
Omega system [10, 16] various theorem provers have been linked to a
natural deduction proof checker. The purpose there is to automatically
generate proofs from so called proof plans. Our approach is different in
that we generate complete proof objects for both the clausification and
the refutation part.

Resolution theorem provers, such as Bliksem [3], are powerful, but
have the drawback that they work with normal forms of formulae, so-
called clausal forms. Clauses are (universally closed) disjunctions of
literals, and a literal is either an atom or a negated atom. The clausal
form of a formula is essentially its Skolem-conjunctive normal form,
which need not be exactly logically equivalent to the original formula.
This makes resolution proofs hard to read and understand, and makes
interactive navigation of the theorem prover through the search space
very difficult. Moreover, optimized implementations of proof procedures
are error-prone. It has occurred that systems that took part in the
yearly theorem prover competition CASC had to withdraw afterwards,
due to the fact that the system turned out unsound. In one year (1999)
the system that otherwise would have won the MIX category was
withdrawn, see [19].

In type theory, the proof generation capabilities suffer from the small
granularity of the inference steps and the corresponding astronomic size
of the search space. Typically, one hyperresolution step requires a few
dozens of inference steps in type theory. In order to make the formali-
sation of a large body of mathematics feasible, the level of automation
of interactive proof construction systems such as Coq [1], based on type
theory, has to be improved.

We propose the following proof procedure. Identify a non-trivial
step in a Coq session that amounts to a first-order tautology. Export



this tautology to Bliksem, and delegate the proof search to the Bliksem
inference engine. Convert the resolution proof to type theoretic format
and import the result back in Coq. We stress the fact that the above
procedure is as secure as Coq. Hypothetical errors (e.g. the clausifica-
tion procedure not producing clauses, possible errors in the resolution
theorem prover or the erroneous formulation of the lambda terms cor-
responding to its proofs) are intercepted because the resulting proofs
are type-checked by Coq. The security could be made independent of
Coqg by using another type-checker.

Most of the necessary meta-theory is already known. The nega-
tion normal form transformation can be axiomatized by classical logic.
The prenex and conjunctive normal form transformations require that
the domain is non-empty. Skolemization can be axiomatized by so-
called Skolem axioms, which can be viewed as specific instances of
the Axiom of Choice. Higher-order logic is particularly suited for this
axiomatization: we get logical equivalence modulo classical logic plus
the Axiom of Choice, instead of awkward invariants as equiconsistency
or equisatisfiability in the first-order case.

Following the proof of the conservativity of the Axiom of Choice over
first-order logic, see e.g. [18] (elaborated in [6]) and [17], Skolem func-
tions and —axioms could be eliminated from resolution proofs, which
would allow us to obtain directly a proof of the original formula, but
currently we still make use of the Axiom of Choice.

The paper is organized as follows. In Section 2 we set out a two-
level approach and define a deep embedding to represent first-order
logic. Section 3 describes a uniform clausification procedure. We explain
how resolution proofs are translated into A-terms in Sections 4 and 5.
Finally, the outlined constructions are demonstrated in Section 6.

2. A two-level approach

The basic sorts in Coq are *P and *°. An object M of type %P denotes a
logical proposition and objects of type M denote proofs of M. Objects
of type *° are usual sets such as the set of natural numbers, lists etc.
The typing relation is expressed by ¢ : T', to be interpreted as ‘¢ belongs
to set 77 when T : %°, and as ‘t is a proof of proposition 77 when
T : %P, The primitive type constructor is the product type Ilz : T.U
and is called dependent if x occurs in U; if not, we write T'— U. The
product type is used for logical quantification (implication) as well as
for function spaces. Scopes of II’s, A\’s and other binders extend to the
right as far as brackets allow (— associates to the right). Furthermore,
well-typed application is denoted by (M N) and associates to the left.
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We choose for a deep embedding in adopting a two-level approach for
the treatment of arbitrary first-order languages. The idea is to represent
first-order formulae as objects in an inductive set o : *°, accompanied
by an interpretation function [] that maps these objects into *P.! The
next paragraphs explain why we distinguish a higher (meta-, logical)
level P and a lower (object-, computational) level o.

The universe ** includes higher-order propositions; in fact it encom-
passes full impredicative type theory. As such, it is too large for our
purposes. Given a suitable signature, any first-order formula ¢ : %P will
have a formal counterpart p : o such that ¢ equals [p], the interpre-
tation of p. Thus the first-order fragment of %P can be identified as a
collection of interpretations of objects in o.

Secondly, Coq supplies only limited computational power on P,
whereas o, as every inductive set, is equipped with the powerful com-
putational device of higher-order primitive recursion. This enables the
syntactical manipulation of object-level propositions.

Reflection is used for the proof construction of first-order formulae
in P in the following way. Let ¢ : *P be a first-order formula. Then
there is some ¢ : o such that [] is convertible with (.2 Moreover,
suppose we have proved

Tsound : Hp: 0. [[(T p)]] - [[p]]

for some function 7" : 0 — o, typically a transformation to clausal form.
Then, to prove ¢ it suffices to prove [(T ¢)]. Matters are presented
schematically in Figure 1. In Section 3 we discuss a concrete function
T, for which we have proved the above. For this T', proofs of [(T ¢)]
will be generated automatically, as will be described in Sections 4 and
5.

OBJECT-LEVEL PROPOSITIONS AND THE REFLECTION OPERATION

In Coq, we have constructed a general framework to represent first-
order languages with multiple sorts. Bliksem is one-sorted, so we de-
scribe the setup for one-sorted signatures only.

The set o (formulas) defined in the present section depends on the
signature—constituted by an arbitrary but fixed list of natural num-
bers, representing relation arities. This dependence remains implicit in
the sequel. We start by giving some preliminary definitions.

DEFINITION 2.1. Given a set A, lists of type (list A) are defined by
[ ] and [a|l], where a : A and [ : (list A). Given a list L : (list A), its

! Both o as well as [_] depend on a fixed but arbitrary signature.
2 The mapping _ is a syntax-based translation outside Coq.



Bliksem

(Tsouna P d) = ¢ d: [(T"¢)] meta-level %P
s 1
4
P T (T ¢) object-level o
Coq

Figure 1. Schematic overview of the general procedure. Arrows correspond to ap-
plication in Coq, dotted arrows are not performed by Coq. The term [(T" ¢)] is
computed by Coq and exported to Bliksem. Bliksem is to return a proof term d,
which is imported back in Coq. Then (Tsouna ¢ d) is a proof of [¢], and hence of .

index set I, is defined by the equations:
Ip=0 Iy =1+Ip

where () is the empty set (i.e. without contructors), 1 the unit set (with
one sole inhabitant ®) and A+ B is the disjoint sum of sets A and B.
We write |L| to denote the length of L. For the sake of readability we
set It, = {0,...,|L| — 1}. Furthermore, we write L(i) for the element
indexed by i : I1,. The cartesian product of n copies of a set A is defined
by:

A’ =1 AT = A x A"

DEFINITION 2.2. Assume a domain of discourse A : x° and let ¢
be a list of natural numbers representing arities. The set o of objects
representing propositions is inductively defined as follows, where p,q :
o, prA—o, t1,...,tp: A, i:1, and l(i) = k.
0:=Ri(ti,....tx) | “p[p>q|pAq|pVa| (V)| (3P

Note that R : Ili: I} ,. A — o, we write R; instead of (R i). We
use the dot-notation * to distinguish the object-level constructors from
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Coq’s predefined connectives. The constructors V, 3 are typed (A —
0) — o; they map propositional functions of type A — o to propositions
of type o. This representation has the advantage that binding and
predication are handled by A-abstraction and A-application. On the
object-level, existential quantification of = in p (of type o, possibly
containing occurrences of z) is written as (3 (Ax : A.p)). Although
this representation suffices for our purposes, it causes some well-known
difficulties. See [14, Sections 8.3, 9.2] for a further discussion.

For our purposes, a shallow embedding of function symbols is suf-
ficient. We have not defined an inductive set term representing the
first-order terms in A like we have defined o representing the first-
order fragment of *P. Instead, ‘meta-level’ terms of type A are taken as
arguments of object-level predicates. Due to this shallow embedding,
we cannot check whether variables have occurrences in a given term.
Because of that, e.g., distributing universal quantifiers over conjuncts
can yield dummy abstractions. These problems could be overcome by
using De Bruijn-indices (see [5]) for a deep embedding of terms in Coq,

cf. [8].

DEFINITION 2.3. The interpretation function [.] is a canonical ho-
momorphism recursively defined as follows. Assume a family of rela-
tions indexed over I .

R:1Li 1 ,. Alrer(D) 4P
We write R; for (R ).

[Ri(ty, ... te)] = Ri(tr,... tx)

= —[p]

[p] — [dl

[p] A Tal

= [p] v [q]

. Hx:A. [(p' x)]
[ P)] = Fz: A [ 2)]

We use A, V,3 for Coq’s predefined logical connectives. Note that ‘—’
(and ‘IT’) is used for both (dependent) function space as well as for log-
ical implication (quantification); this overloading witnesses the Curry-
Howard isomorphism.

We don’t have to worry about name conflicts when introducing a
new z : A for interpretation of formulas whose head constructor is a
quantifier. Coq’s binding mechanisms are internally based on De Bruijn
indices (with a user-friendly tool showing named variables on top of it).

5
<

= B—-——]
I

<

’E\

=
I
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In the above definitions of o, its constructors and of [_], the dependency
on the signature (constituted by A, l,.; and R) has been suppressed.

3. Clausification and correctness

We describe the transformation to clausal form (see Section 4), which
is realized on both levels. On the object-level, we define an algorithm
mcf : 0o — o that converts object-level propositions into their clausal
form. On the meta-level, clausification is realized by a term mcf ;,,n4;
which (given the axiom of excluded middle and the axiom of choice)
transforms a proof of [(mcf p)] into a proof of [p].

The algorithm mecf consists of the subsequent application of the
following functions: nnf, pnf, cnf, skim, dugc, impf standing for trans-
formations to negation, prenex and conjunctive normal form, Skolem-
ization, distribution of universal quantifiers over conjuncts and trans-
formation to implicational form, respectively. As an illustration, we
describe the functions nnf and skim.

3.1. NEGATION NORMAL FORM

Concerning negation normal form, a recursive call like

(nnf 5(p A q)) = (nnf =p) V (nnf =q)

is not primitive recursive, since —p and —¢ are not subformulae of
“(p A q). Such a call requires general recursion. Coq’s computational
mechanism is higher-order primitive recursion, which is weaker than
general recursion but ensures universal termination.

DEFINITION 3.1. The function nnf : o — pol — o makes use of the
so-called polarity (B or ©) of an input formula.

(nnf Ri(ti,...,tr)

(nnf Ri(t1,...,tg)
(nnf “p @
(nnf =p ©

@) = Ri(t1,...,tx)
o)
)
)
(nnf p1 = p2 @) =
)
)
)
)

= —'\Ri(tl, . ,tk)

)V ( )

(nnf p1 —p2 © ) A (nnf pa ©)
(nnf p1 Aps @ nnf p1 @) A (nnf p2 )
(nnf p1 Ap2 © )V ( )
)V ( )

(nnf p1 Vpe ®

nnf p2 ©
nnf p2 @



(nnf p1 .\'/pz ©) = (anf pr ©) A (nnf pa ©)
(nnf (4 ) ©) = (¥ (AasA. (nnf (0 ) )
(nnf (V') ©) = (3 (Az:A. (nnf (p' z) ©)))
(nnf G ) &) = (G (s (nnf (¢ ) )
(nnf 3p)©) = (Vv A\x:A. (nnf (p' x) ©)))

In order to prove soundness of nnf we need the principle of excluded
middle FM, which we define in such a way that it affects the first-order
fragment only (like o, EM depends on the signature).

DEFINITION 3.2.
EM :=TlIp:o.[p V ~p]
LEMMA 3.1. Assume EM is inhabited, then we have for all p: o:

[p] < [(nnf p ©)]
=[pl < [(nnf p o)]

3.2. SKOLEMIZATION

Skolemization of a formula means the removal of all existential quan-
tifiers and the replacement of the variables that were bound by the
removed existential quantifiers by new terms, that is, Skolem functions
applied to the universally quantified variables whose quantifier had the
existential quantifier in its scope. Instead of quantifying each of the
Skolem functions, we introduce an index type S, which may be viewed
as a type for families of Skolem functions.

S=IN—-IN-=IIn:IN.A" - A

A Skolem function, then, is a term (f i j n) : A — A with f: S and
i,7,m : IN. Here, ¢ and j are indices that distinguish the family members.
If the output of nnf yields a conjunction, the remaining clausification
steps are performed separately on the conjuncts. (This yields a sig-
nificant speed-up in performance.) Index i denotes the position of the
conjunct, j denotes the number of the replaced existentially quantified
variable in that conjunct.

DEFINITION 3.3. The function skim is defined as follows.
(skim fijnt(Vp)) = (Y Ax:A (sklm fijn+1(tz) (P )

(sklm fijnt(3p)) = (skim fij+1nt @ (fijnt))
(sklm fijntp) = pifpisneither (Y p') nor (3 p)



Here and below (t,2) denotes the tuple typed A"+l obtained by ap-
pending z to ¢. If the input formula is of the form (V p’), then the
quantified variable is added at the end of the so far constructed tuple
t of universally quantified variables. In case the input formula matches
(3p') with p’ : A — o the term (f i j n t) is substituted for the existen-
tially quantified variable (the ‘hole’ in p’) and index j is incremented.
This substitution comes for free and is performed on the meta-level by
B-reducing (p’ (f ¢ j n t)). The third case exhausts the five remaining
cases. As we enforce input formulae of skim to be in prenex normal
form (via the definition of mcf), nothing remains to be done.

LEMMA 3.2. For alli:IN and p: o we have:
A— ACs — [p] — 3f:S.[(sklm fi00 e p)]

In the above lemma, A — --- expresses the condition that A is non-
empty, and below a : A denotes a canonical inhabitant. ACgs is a
specific formulation of the Axiom of Choice, which allows us to form
Skolem functions. Like EM, ACs implicitly depends on the signature,
that is, on A, [, and R.

ACs = Ila:A — S — o.
(Mx:A.3f:S. [(a = f)])
— JF:A - S 1lz: A [(a x (F x))]

which indeed follows from the more general:

AC := TIA, B:«*.
I[IP:A— B — %P,
(Mzx:A.Jy:B.(P z y))
— 3f:A— B.1lx:A. (P z (f z))

Let us inspect a crucial step in the proof of this lemma, which proceeds
by induction on p : o. Consider the case that p is of the form (V p').
Our induction hypothesis is:

Hz: A [(p 2)] = 3f:S.[(sklm fi00 e (p' z))]
Assume Iz: A. [(p" x)]. Then we have:
Hz: A 3f:S. [(skim fi00 e (p' z))]
By application of ACs we get:
Mx:A. [(skim (F x)i00 e (p z))]
for some function F': A — S. Our goal is:

Jg:S. Tx:A. [(sklm g i 01 (z,e) (p' 2))]

10



(Note that (x,e) : A! denotes the parameter list with only z, which
is the result of appending = to the empty parameter list, (e,z). In
examples we simply write z.) The witnessing g is given by:

(gij0e) =a
(gijn+1(z,t) = (Fzxijnt)

Now
[(skim g i 01 (x,e) (p' x))]

follows from

[(skim (F 2)i00 o (p' z))]
via Lemma 3.3, as for any n : IN, g behaves like (F' z) on any tail t : A™.

LEMMA 3.3. For all i,5¢,jg,nf,ng : N, tp : A", t,: A", p: o, we
have: if for all m,n : IN,¢: A™

(fijr+mmng+n (tyt) =(gij,+mmng+n (tyt))

then
[(skim f i jy gty p)] — [(sklm g i jg ng ty p)]

Here tuples (ty,t) : AT and (tg,t) : A"t are the result of appending
t toty and ty, respectively.

3.3. COMPOSING THE MODULES

Reconsider Figure 1 and substitute mcf for T'. Given a suitable signa-
ture, from any first-order formula ¢ : %P, we can compute the clausal

form [(mcf @)].

LEMMA 3.4. There exists a proof term mcf ¢ona Which validates clausi-
fication on the meta-level. More precisely:

mef soung - EM — ACs — A — Ilp:o.[(mef p)] — [p]

The term [(mcf ¢)] computes a format C; — -+ — C),, — L. Here
Ci,...,Cy, : %P are universally closed clauses that will be exported to
Bliksem, which constructs the proof term d representing a resolution
refutation of these clauses (see Sections 4 and 5). Finally, d is type-
checked in Coq. Section 6 demonstrates the outlined constructions.
The complete Cog-script generating the correctness proof of the
clausification algorithm comprises + 65 pages. It is available at [9].
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4. Minimal resolution logic

There exist many representations of clauses and corresponding formula-
tions of resolution rules. The traditional form of a clause is a disjunction
of literals, that is, of atoms and negated atoms. Another form which is
often used is that of a sequent, that is, the implication of a disjunction
of atoms by a conjunction of atoms.

Here we propose yet another representation of clauses, as far as we
know not used before. There are three main considerations.

- A structural requirement is that the representation of clauses is
closed under the operations involved, such as instantiation and
resolution.

- The Curry-Howard correspondence is most direct between mini-
mal logic (—,V) and a typed lambda calculus with product types
(with — as a special, non-dependent, case of II). Conjunction and
disjunction in the logic require either extra type-forming primitives
and extra terms to inhabit these, or impredicative encodings.

- The A-representation of resolution steps should preferably be linear
in the size of the premisses.

These considerations have led us to represent a clause like:
Liv---VL,
by the following classically equivalent implication in minimal logic:
Li— - — fp - L

Here L; is the complement of L; in the classical sense (i.e. double
negations are removed). If C' is the disjunctive form of a clause, then
we denote its implicational form by [C]. As usual, these expressions are
implicitly or explicitly universally closed.

A resolution refutation of given clauses C1y,...,C, proves their in-
consistency, and can be taken as a proof of the following implication in
minimal logic:

Ci—--—C,— L

Here and below, ‘minimal’ refers to minimal logic, as we use no par-
ticular properties of L. In particular, ‘minimal clause’ refers to the
representation in minimal logic, and not to any other kind of mini-
mality. We are now ready for the definition of the syntax of minimal
resolution logic.

12



DEFINITION 4.1. Let VZ.¢ denote the universal closure of ¢. Let
Atom be the set of atomic propositions. We define the sets Literal,
Clause and MCF' of, respectively, literals, clauses and minimal clausal
forms by the following abstract syntazx.

Literal ::= Atom | Atom — L
Clause ::= L | Literal — Clause
MCF == 1 | (VZ. Clause) — MCF

Next we elaborate the familiar inference rules for factoring, permut-
ing and weakening clauses, as well as the binary resolution rule.

FACTORING, PERMUTATION, WEAKENING

Let C' and D be clauses, such that C' subsumes D propositionally,
that is, any literal in C also occurs in D. Let Ay,...,A,, By,..., B, be
literals (p,q > 0) and write

Cl=A41— - —A,— 1

and
[D]=B; —---—B;— 1

assuming that for every 1 < i < p thereis 1 < j < ¢ such that A; = B;.
A proof of [C] — [D] is the following A-term:

Ac:[C].Ab1 By ... Abg:By. (¢ 1 ... mp)
with m; = b;, where j is such that B; = A;.

BINARY RESOLUTION

In the traditional form of the binary resolution rule for disjunctive
clauses we have premisses C; and Cb, containing one or more occur-
rences of a literal L and of L, respectively. The conclusion of the rule,
the resolvent, is then a clause D consisting of all literals of C different
from L joined with all literals of Cy different from L. This rule is
completely symmetric with respect to C7 and Cs.

For clauses in implicational form there is a slight asymmetry in the
formulation of binary resolution. Let Ay,...,A,, By..., B, be literals
(p,q > 0) and write

[Ci]=A41 — - — A, — L,

with one or more occurrences of the negated atom A — L among the
A; and
[Cy) =By — -+ — By — 1,

13



with one or more occurrences of the atom A among the B;. Write the
resolvent D as
[D|=D; —--— D, — L

consisting of all literals of Cy different from A — 1 joined with all
literals of Cy different from A. A proof of [C1] — [C2] — [D] is the
following A-term:

Acr:[Ch]. Aea:[Co). Ady:Dy ... Xdy Dy (1 m1 ... Tp)

For 1 <i < p, m; is defined as follows. If A; # (A — 1), then 7; = dj,
where k is such that D, = A;. If A; = A — L, then we put

mi = Aa:A (e my ...omy),

with 7% (1 < j < ¢) defined as follows. If B; # A, then 7’ = dj,, where
k is such that Dy, = B;. If B; = A, then 7r§» = a. It is easily verified
that 7; : (A — L) in this case.

If (A — L) occurs more than once among the A;, then (¢; 71 ... 7p)
need not be linear. This can be avoided by factoring timely. Even with-
out factoring, a linear proof term is possible: by taking the following
[-expansion of (¢; m ... mp) (with @’ replacing copies of proofs of
(4— L)

A A—L(cam ...d ... d ... m))(Aa:A(ca 7w ... 7))

This remark applies to the rules in the next subsections as well.

PARAMODULATION

Paramodulation combines equational reasoning with resolution. For
equational reasoning we use the inductive equality of Coq. In order
to simplify matters, we assume a fixed domain of discourse A, and
denote equality of s1,s5 € A by s1 = 9.

Coq supplies us with the following terms:

eqrefl : Vs:A. (s~ s)
eqsubst : Vs:AVP:A — P (P s) = Vt:A. (s~t) — (Pt)
eqsym : Vs1,s9:A. (81~ s9) — (s2 =~ 81)
As an example we define eqsym from egsubst, eqrefi:

As1, 82: A Ah:(s1 & s9). (eqsubst s1 (As: A. (s =~ s1)) (egrefl s1) so h)

Paramodulation for disjunctive clauses is the rule with premiss C
containing the equality literal ¢; ~ t5 and premiss C containing literal

14



L[t1]. The conclusion is then a clause D containing all literals of C
different from t; & t9, joined with Co with L[to] instead of L[t1].
Let Ay,...,A,, By ..., By be literals (p,q > 0) and write

Ci]=41 — - — A, — 1,

with one or more occurrences of the equality atom ¢; &~ t3 — | among
the A;, and

[Co] =By — -+ — By — L,

with one or more occurrences of the literal L[t;] among the B;. Write
the conclusion D as

[D)=Dy —--+— D, — L

and let [ be such that D; = L[ts]. A proof of [C] — [C2] — [D] can be
obtained as follows:

Acr:[Ch]. Aea:[Co). Ady:Dy ... Xdy Dy (1 m1 ... Tp)

If A; # (t1 = t2 — 1), then m; = dj, where k is such that Dy = A;. If
A; = (t1 =ty — 1), then we want again that m; : A; and therefore put

i = Xe:(ty = to). (co 7] ... 7r;).

If Bj # L[t1], then 7, = dj, where k is such that Dy = B;. If B; = L]t1],
then we also want that 7’ : B; and put (with d; : D; = Llta])

i = (egsubst ty (As:A. L[s]) dy t1 (eqsym t; to €))

The term 7} has type L[t1] in the context e : (t1 = t2). The term 7’
contains an occurrence of egsym because of the fact that the equality
t1 & to comes in the wrong direction for proving L[t1] from Lts]. With
this definition of 7'[';», the term m; has indeed type A; = (t1 = to — 1).

As an alternative, it is possible to expand the proof of egsym in the
proof of the paramodulation step.

EQUALITY FACTORING

Equality factoring for disjunctive clauses is the rule with premiss C
containing equality literals ¢1 =~ to and ¢; =~ t3, and conclusion D
which is identical to C' but for the replacement of ¢1 = t3 by to % t3.
The soundness of this rule relies on to = t3 V tg % t3.

Let Ay,...,A,, By..., By be literals (p,q > 0) and write

Cl=4 — - —A,— 1,
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with equality literals t; ~ t5 — L and t; = t3 — L among the A;.
Write the conclusion D as

[Dl=By —---—B;— L

with By = (t; = t2 — L) and Bj» = (to = t3). We get a proof of
[C] — [D] from

Ac:[C].Ab1:By ... Abg:Bg. (¢ ... mp).

If A; # (t1 = t3 — L), then m; = bj, where j is such that B; = A;. For
A; = (t1 = t3 — 1), we put

m; = (eqsubst to (As:A.(t1 =s— 1)) bjs t3 bjn).

The type of m; is indeed t; =~ t3 — L.

Note that the equality factoring rule is constructive in the impli-
cational translation, whereas its disjunctive counterpart relies on the
decidability of =. This phenomenon is well-known from the double
negation translation.

POSITIVE AND NEGATIVE EQUALITY SWAPPING

The positive equality swapping rule for disjunctive clauses simply swaps
an atom t; = to into to =~ t;, whereas the negative rule swaps the
negated atom. Both versions are obviously sound, given the symmetry
of ~.

We give the translation for the positive case first and will then sketch
the simpler negative case. Let C' be the premiss and D the conclusion
and write

Cl=4 — - — A, — 1,
with some of the A; equal to t1 =~ t5 — L, and
[Dl|=By —---— By — L.

Let j' be such that By = (t2 ~ t; — L). The following term is a proof
of [C] — [D].

Ac:[Cl.Ab1:By ... Xbg:By. (¢ ™1 ... mp)

If A; # (t1 = to — 1), then m; = bj, where j is such that B; = A;.
Otherwise
i = Xe:(t1 = ta). (bjr (egsym t1 to e))

such that also 7; : (t; =ty — L) = A;.
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In the negative case the literals t1 ~ 9 in question are not negated,
and we change the above definition of 7; into

m; = (egsym ta t1 bjr).

In this case we have bj : (t2 = t1) so that m; : (t; = t2) = A; also in
the negative case.

EQUALITY REFLEXIVITY RULE

The equality reflexivity rule simply cancels a negative equality literal of
the form ¢ % ¢ in a disjunctive clause. We write once more the premiss

Cl=4— - —A,— 1,
with some of the A; equal to ¢t ~ ¢, and the conclusion
[D]=DB; — -+ — B, — L.
The following term is a proof of [C] — [D]:
Ac:[Cl.Ab1:By ... Abg:By. (¢ mp ... mp).

If A; # (t = t), then m; = bj, where j is such that B; = A;. Otherwise
m; = (eqrefl t).

5. Lifting to Predicate Logic

Until now we have only considered inference rules without quantifi-
cations. In this section we explain how to lift the resolution rule to
predicate logic. Lifting the other rules is very similar.

Recall that we must assume that the domain is not empty. Proof
terms below may contain a variable a : A as free variable. By abstrac-
tion Aa: A we will close all proof terms. This extra step is necessary
since Va: A. L does not imply 1 when the domain A is empty. This is
to be compared to OL being true in a blind world in modal logic.

Consider the following clauses

& :Vl'l,...,l‘pZA. [Al \/Rl]

and
Co=Vyq,... ,yq:A. [_\A2 V RQ]

and their resolvent

R=Vz,...,2.: A. [R191 vV RQHQ]

17



Here 0, and 6y are substitutions such that A10; = As6s and 2z, ..., z,
are all variables that actually occur in the resolvent, that is, in R0 V
R905 after application of 01,6s. It may be the case that x;6; and/or
y;02 contain other variables than zi,...,z2,; these are understood to
be replaced by the variable a : A (see above). It that case 01,60 may
not represent a most general unifier. For soundness this is no problem
at all, but even completeness is not at stake since the resolvent is not
affected. The reason for this subtlety is that the proof terms involved
must not contain undeclared variables.

Using the methods of the previous sections we can produce a proof
7 that has the type

[Al V R1]01 — [—\AQ V RQ]@Q — [R161 V RQ@Q].
A proof of C; — Cy — R is obtained as follows:

Acr:C1 Aeg:Co Az ... 2z Al
(m (c1 (w16h) ... (wpbh)) (c2 (¥162) - .. (ygb2)))

We finish this section by showing how to assemble a A-term for an en-
tire resolution refutation from the proof terms justifying the individual
steps. Consider a Hilbert-style resolution derivation

Cla---7Cm70m+17---7Cn

with premisses ¢1 : C1, ..., ¢y : Cpy. Starting from n and going down-
ward, we will define by recursion for every m < k < n a term m such
that
Wk[cm_H, . ,Ck] : Cn

in the context extended with ¢y41 @ Copg1,--.,¢; : Cx. For k = n we
can simply take m, = ¢,. Now assume 741 has been constructed for
some k > m. The proof 7y, is more difficult than 74 since 7 cannot
use the assumption ciy1 @ Cgy1. However, Ci1q is a resolvent, say of
C; and C; for some 4,j < k. Let d be the proof of C; — C; — Cjy1.
Now define

Thlemtt, -5kl = (AT : Cpq1 Thgr [Cmg1s - - -5k, 2])(d ¢4 ¢5) 2 O

The downward recursion yields a proof 7, : C), which is linear in the
size of the original Hilbert-style resolution derivation. Observe that a
forward recursion from m to n would yield the normal form of m,,,
which could be exponential.
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6. Examples

6.1. A SMALL EXAMPLE

Let P be a property of natural numbers such that P holds for n if and
only if P does not hold for any number greater than n. Does this sound
paradoxical? It is contradictory. We have P(n) if and only if —P(n +
1),~P(n+2),~P(n+3),..., which implies =P(n +2),-P(n + 3),...,
so P(n + 1). It follows that =P(n) for all n. However, —=P(0) implies
P(n) for some n, contradiction.

A closer analysis of this argument shows that the essence is not
arithmetical, but relies on the fact that < is transitive and serial. The
argument is also valid in a finite cyclic structure, say 0 < 1 < 2 < 2.
This qualifies for a small refutation problem, which we formalize in
Cogq.

Let us adopt IN as the domain of discourse. We declare a unary
relation P and a binary relation <.

P : IN—«P
< : INxIN — %P

Let l,o; = [1,2] be the corresponding list of arities. The relations are
packaged by R of type IIi : [0, 1]. N/ — &P We write R; for (R i);
note I; , = [0,1].

Ro=P R =<

We write P for Ry and infix < for R; respectively.

Let us construct the formal propositions trans and serial, stating
that < is serial and transitive. Vz. ¢ is syntactic sugar for (V (Az:IN. ¢)),
likewise for 3.

trans = Va,y,z. (x <yAy<z) >z <z
serial = Yz.Jy.z <y

We define foo.
foo =Y. (P x) < (Vy.o <y = =(Py))

Furthermore, we define taut on the object-level, representing the
example informally stated at the beginning of this section. (If the latter
is denoted by ¢, then taut = ¢.)

taut = (trans A serial) = —foo

Interpreting taut, that is fd-normalizing [taut], results in ‘taut with-
out dots’.
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We declare em : EM, ac : ACgs and use 0 to witness the non-
emptiness of IN. We reduce the goal [taut] using the result of Section 3,
to the goal [(mcf taut)]. If we prove this latter goal, say by a term d,
then

(mef sounag €m ac 0 taut d) : [taut]

We compute the minimal clausal form (Definition 4.1) of taut by [d¢-
normalizing the goal [(mcf taut)].

[(mef taut)] =gps.
(Iz,y,zNz<y—y<z—(r<z—1l)— 1)
- Mz:N.(z<(f101z)—1)— 1)

- (Mz:N.(z<(f2012z)—-1L)—=(Px)—1)— 1)
(LN (P (F2012)) — 1) — (P ) — 1) — 1)
— (Mz,y:N.(Pz) mx<y— (Py) — 1)

— 1

This is the minimal clausal form of the original goal. We refrained from
exhibiting its proof d. All files can be found in [9].

6.2. A MEDIUM SCALE EXAMPLE: NEWMAN’S LEMMA

A medium scale example is provided by the automation of Huet’s [11]
proof of Newman’s Lemma (NL), a well known result in rewriting the-
ory stating that a rewriting relation is confluent whenever it is both
locally confluent and terminating. For a precise analysis we have to
introduce some notions from rewriting theory.

DEFINITION 6.1. Let — be a binary relation on a set S and let —
be the reflerive-transitive closure of —.

1. We say that x is confluent if, for all x1,20 € S, x — x1 and
x —» xo implies that x1 — y and xo — y for some y € S. In other
words, any two diverging reductions starting from x can always be
brought together. We say that — is confluent if every x € S is
confluent.

2. We say that x is locally confluent if, for all x1,z9, x — x1 and
x — o implies that ©1 — y and xo — y for some y € S. Here
the ‘locality’ lies in the fact that only diverging one-step reductions
can be brought together. We say that — is locally confluent if every
x € S is locally confluent.

3. We say that — is terminating if there is no infinite sequence ry —
Tl — T — - mnS.
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NL provides an interesting test case for several reasons. First, it con-
sists of a mix of first-order and higher-order aspects. The higher-order
aspects are the transitive closure and the termination. This makes the
identification of the first-order combinatorial core of the proof non-
trivial. Second, the proof of Newman’s Lemma is not completely trivial,
as experienced by everybody seeing it for the first time. It will turn out
to be a reasoning step that is just on the edge of what can be achieved
by current theorem provers. As such the successful automation is very
sensitive to the exact formalization of the problem, the settings of the
theorem prover and the machine on which one runs the proof. We admit
that this is in some sense a disadvantage for an example. However, the
aim of this example is to explore the borders of what is possible, and
not to show-off how great the method is. It is to be expected that, with
faster machines and better strategies for proof search, the automatic
solution of problems of the size of NL will soon become routine. More-
over, the inductive approach to termination and the speed-up obtained
by removing superfluous symmetries have a generality that goes beyond
NL.

The classical proof of NL is by contradiction. Assume there is an x
which is not confluent, that is, there exist x1,z9 € S such that x — 1
and r — x9 and no y € S exists such that z; — y and zo — y.
Since — is terminating, we may assume without loss of generality that
x is an —-maximal® non-confluent element. If not, there would be a
non-confluent z’ with  — 2/, and if that z’ is not —-maximal, then
there would be a non-confluent z” with 2’ — z” and so on, leading to
a sequence contradicting the termination of —. This part is difficult to
explain, it actually uses the Axiom of Dependent Choice (DC). From
the fact that x; and x5 have no common reduct, it follows that we do
not have x = x1 or x = x9, so there must exist intermediate points i1, 79
such that x — 71 — z1 and z — i3 — x9. To = and these intermediate
points we can apply local confluence to obtain a common reduct of the
intermediate points. By the maximality of x we can then complete the
diagram in Figure 2 below. This is a contradiction and hence NL has
been proved.

The formalization of the classical argument requires higher-order
logic (to express transitive closure) and three-sorted first-order logic:
one sort for the set .S, one for the natural numbers and one for infinite
sequences of elements of S. An important improvement is obtained by
taking the constructive reformulation of NL as point of departure. In
this formulation the infinite sequences such as used in the definition

3 If the transitive closure of — is viewed as a greater than ordering, then it would
be natural to speak of —-minimal instead.
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local confluence

Z2

Figure 2. Diagram chase for confluence

of termination and in DC are avoided by using an inductively defined
predicate called accessibility.

DEFINITION 6.2. Let — be a binary relation on a set S. The unary
predicate Acc_, is inductively defined as follows: if Acc_.(y) for all

y € S such that x — vy, then Acc_(x). By Acc_.(S) we express that
Ace_,(z) for all z € S.

In other words, all —-maximal elements are accessible, as well as all
elements whose successors are all —-maximal, and so on. An infinite
sequence rg — X1 — T9 — --- consists of elements that are not
accessible. The reason is that they can be left out without violating
the defining rule for Acc. In fact one can prove by classical logic and
DC that — is terminating if and only if all elements of .S are accessible,
that is, if Acc_(S).

The advantages of using Acc_,(S) instead of the traditional formu-
lation of termination are three-fold.

— DC is not needed anymore in the proof of NL.

— The sorts for the natural numbers and for infinite sequences be-
come obsolete.

— We can reason by induction on Acc_,(z), the induction step being
first-order.

These reasons above should motivate the following reformulation of NL:
if Acc_.(S), then confluence of — follows from local confluence.

We could have added a fourth advantage to the three advantages
above, namely that the proof of NL in the formulation with the ac-
cessibility predicate can be done constructively. This would require
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resolution to be used bottom-up, in a forward reasoning style. We have
not been able to generate a proof in this way. Instead, we had to appeal
to classical logic by using resolution as a refutation procedure. The
constructive proof is not more complicated than the classical one, it is
actually shorter, but the relevant point here is that the search space
for finding the proof in a bottom-up way appears to be larger than
that for finding a proof in a more top-down, goal-oriented, way. We
consider the situation in which there is a constructive proof, but for
ill-understood reasons of efficiency only a classical proof can be found,
as unsatisfactory.

We will sketch the constructive argument. By induction one proves
that every accessible x is confluent. By Acc_,(S) we then obtain conflu-
ence. The induction step we have to prove is that confluence is preserved
under the inductive definition of Acc_,. In other words, we have to
prove that x is confluent if the induction hypothesis (IH) holds, that
is, every y such that z — y is confluent. Assume IH and let z1,22 € S
such that x — 1 and £ — zo. If £ = 21 or x = 29 then x5 or x; is a
common reduct of z1, zs. Otherwise, actually appealing to the inductive
definition of the reflexive—transitive closure, there exist intermediate
points as in the classical proof above. Now a common reduct can be
obtained in exactly the same way as in the classical proof, with IH
replacing the —-maximality of x. This proves the induction step.

The above proof of the induction step is completely first-order,
provided that we replace the appeal to the inductive definition of —»
by some first-order sentences that trivially follow from the inductive
definition of — and are sufficient for the proof.

= is reflexive and symmetric

—» includes = and — and is transitive confluence

—» is included in the union of = and —-—» is Acc_,-inductive
— is locally confluent

Here the conclusion that confluence is Acc_.-inductive means that for
all x € S confluence of x follows from confluence of all y such that
x — y. Note that we do not need transitivity of =. Moreover, —-—» is
the composition of — and —».

We have formalized in Coq the proof of NL based on the above first-
order tautology, with the intention to delegate the proof of the latter
to a resolution theorem prover in the style of Section 6. The automatic
clausification in Coq was a matter of seconds and resulted in 14 clauses.
Both Otter and Bliksem were slow to refute the 14 clauses (without any
tuning at least half an hour). The best results have been obtained with
ordered hyperresolution in combination with unit-resulting resolution.
The proof found by Otter is quite close to a ‘human’ proof by contra-
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diction and the diagram chase in Figure 3. Bliksem managed to refute
the corresponding set of clauses and to generate a proof object in the
form of a lambda term. Although this lambda term has a considerable
size (100 KByte), it could be type checked by Coq without any problem
and included in a complete proof of NL in Coq. All files can be found
in [9].

An obvious difficulty for proof search is the symmetry of the for-
mulation of NL. Inspection of the proof shows that it is possible to
distinguish between ‘horizontal’ and ‘vertical’ steps in the formulation
of both confluence and local confluence. This leads to an asymmetrical
version of Newman’s Lemma (aNL), which can be proved by the same
proof with all the steps properly labelled as either ‘horizontal’ or ‘verti-
cal’. NL can easily be recovered from aNL by removing the distinction.
The advantage of the asymmetrical over the symmetrical formulation
is that the search space for the proof is considerably reduced. For
example, in the symmetrical case any step * — y leads to useless
common reducts of y and y, which are avoided in the asymmetrical
case. The asymmetrical analogues of confluence and local confluence
are known in the literature as commutativity and weak commutativity,
respectively.

DEFINITION 6.3. Let —j and —,, be binary relations on a set S, with
reflexive-transitive closures —»j, and —»,, respectively.

1. We say that x is commutative if, for all x1,x2 € S, x —»p x1 and
T —»y To implies that x1 —», y and xo —»p y for some y € S. We
say that —j and —, commute if every x € S is commutative.

2. We say that x is weakly commutative if, for all x1,x9 € S, x —p, 1
and T —, xo implies that x1 —», y and o —»p, y for some y € S.
We say that —p and —, are commute weakly if every x € S is
weakly commutative.

The precise statement of aNL is that —; and —, commute if they
commute weakly, provided Acc_,, (S). Here —p, is the union of —y
and —,. A glance at Figure 3 tells us that we need the induction
hypothesis both for i1 with x —, i1 and for io with x — io.

The proof of aNL follows the pattern of the proof of NL, but is based
on the following first-order tautology:

= is reflexive and symmetric

—»p, includes = and —, and is transitive
—»,, includes = and —,, and is transitive commutativity is
—»p, 1s included in the union of = and —p-—»p, Acc_,, -inductive
—», 1s included in the union of = and —,-—»,
—p, and —,, are weakly commutative
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Figure 3. Diagram chase for commutativity

Here the conclusion means that for all x € S commutativity of « follows
from commutativity of all y such that z — y or x —, ¥.

We formalized in Coq the proof of aNL based on the above first-
order tautology. Proof search in the asymmetrical case is about two
orders of magnitude faster than in the symmetrical case. Again all files
can be found in [9)].

Summarizing, the method can be put to work on medium scale
examples. However, it is obvious that some human intelligence has
been spent on stylizing the proof before it could be automated. The
techniques for proof search should be improved before the method can
be scaled up any further.
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Abstract. This paper discusses the problem of how to transform a first-
order formula into clausal normal form, and to simultaneously construct
a proof that the clausal normal form is correct. This is relevant for ap-
plications of automated theorem proving where people want to be able
to use theorem prover without having to trust it.

1 Introduction

Modern theorem provers are complicated pieces of software containing up to
100, 000 lines of code. In order to make the prover sufficiently efficient, compli-
cated datastructures are implemented for efficient maintenance of large sets of
formulas ([16]) In addition, they are written in programming languages that do
not directly support logical formulas, like C or C++. Because of this, theorem
provers are subject to errors.

One of the main applications of automated reasoning is in verification, both
of software and of hardware. Because of this, users must be able to trust proofs
from theorem provers completely. There are two approaches to obtain this goal:
The first is to formally verify the theorem prover (the internalization approcah),
the second is to make sure that the proofs of the theorem prover can be formally
verified. We call this the external approach.

The first approach has been applied on simple versions of the CNF-transformation
with success. In [10], a CNF-transformer has been implemented and verified in
ACL2. In [5], a similar verification has been done in COQ.

The advantage of this approach is that once the check of the CNF-transformer
is complete, there is no additional cost in using the CNF-transformer. It seems
however difficult to implement and verify more sophisticated CNF-transformations,
as those in [12], [1], or [8]. As a consequence, users have to accept that certain
decision procedures are lost, or that less proofs will be found.

A principal problem seems to be the fact that in general, program verifica-
tion can be done on only on small (inductive) types. For example in [5], it was
necessary to inductively define a type prop mimicking the behaviour of Prop in
COQ. In [10], it was necessary to limit the correctness proof to finite models.
Because of this limitation, the internalization approach seems to be restricted
to problems that are strictly first-order.
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Another disadvantage of the internalization approach is the fact that proofs
cannot be communicated. Suppose some party proved some theorem and wants
to convince another party, who is skeptical. The other party is probably not
willing to recheck correctness of the theorem prover and rerun it, because this
might be very costly. It is much more likely that the other party is willing to
recheck a proof.

In this paper, we explore the external approach. The main disadvantage of
the external approach is the additional cost of proof checking. If one does the
proof generation naively, the resulting proofs can have unacceptible size [6]. We
present methods that bring down this cost considerably.

In this paper, we discuss the three main technical problems that appear when
one wants to generate explicit type theory proofs from the CNF-transformation.
The problems are the following: (1) Some of the transformations in the CNF-
transformation are not equivalence preserving, but only satisfiability preserving.
Because of this, it is in general not possible to prove F' < CNF(F'). The prob-
lematic conversions are Skolemization, and subformula replacement. In order to
simplify the handling of such transformations, we will define an intermediate
proof representation language that has instructions that allow signature exten-
sion, and that make it possible to specify the condition that the new symbol
must satisfy. When it is completed, the proof script can be tranformed into a
proof term.

(2) The second problem is that naive proof construction results in proofs of
unacceptible size. This problem is caused by the fact that one has to build up
the context of a replacement, which constructs proofs of quadratic size. Since for
most transformations (for example the Negation Normal Form transformation),
the total number of replacements is likely to be at least linear in the size of the
formula, the resulting proof can easily have a size cubic in the size of the formula.
Such a complexity would make the external approach impossible, because it is
not uncommon for a formula to have 1000 or more symbols. We discuss this
problem in Section 3. For many transformations, the complexity can be brought
down to a linear complexity.

(3) The last technical problem that we discuss is caused by improved Skolem-
ization methods, see [11], [13]. Soundness of Skolemization can be proven through
choice axioms. There are many types of Skolemization around, and some of them
are parametrized. We do not want have a choice axiom for each type of Skolem-
ization, for each possible value of the parameter. That would result in far too
many choice axioms. In Section 4 we show that all improved Skolemization meth-
ods (that the author knows of) can be reduced to standard Skolemization.

In the sequel, we will assume familiarity with type theory. (See [15], [3]) We

make use only of standard polymorphic type theory. In particular, we don’t make
use of inductive types.
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2 Proof Scripts

We assume that the goal is find a proof term for F' — L, for some given formula
F. If instead one wants to have a proof instead of rejection, for some G, then
one has to first construct a proof of =—G — L, and then transform this into a
proof of G.

It is convenient not to construct this proof term directly, but first to con-
struct a sequence of intermediate formulas that follow the derivation steps of the
theorem prover. We call such sequence of formulas a proof script.

The structure of the proof script will be as follows: First I" - A, is proven.
Next, I, A1 F As, is proven, etc. until I', A1, As, ..., A,_1 F A, = L is reached.

The advantage of proof scripts is that they can closely resemble the derivation
process of the theorem prover. In particular, no stack is necessary to translate
the steps of the theorem prover into a proof script. It will turn out, (Definition 2)
that in order to translate a proof script into one proof term, the proof script has
to be read backwards. If one would want to construct the proof term at once
from the output of the theorem prover, one would have to maintain a stack inside
the translation program, containing the complete proof. This should be avoided,
because the translation of some of the proof steps alone may already require
much memory. (See Section 3) When generating proof scripts, the intermediate
proofs can be forgotten once they have been output.

Another advantage is that a sequence of intermediate formulas is more likely
to be human readable than a big A-term. This makes it easier to present the
proof or to debug the programs involved in the proof generation.

Once the proof script has been constructed, one can translate the proof script
into one proof term of the original formula. Alternatively, one can simply check
the proof script itself.

We now define what a proof script is and when it is correct in some context.
There are instructions for handling all types of intermediate steps that can occur
in resolution proofs. The lemma-instruction proves an intermediate step, and
gives a name to the result. The witness-instruction handles signature extension,
as is needed for Skolemization. The split-instruction handles reasoning by cases.
Some resolution provers have this rule implemented, most notably Spass, [17],
see also [18].

Definition 1. A proof script is a list of commands (c1,...,¢cp) with p > 0.
We recursively define when a proof script is correct in some context. We write
'k (c1,...,¢p) if (c1,...,¢cp) is correct in context I

— If 't a: L, then I' - (false(z)).
—Ifai:Xq,...,am: Xm F(c1,...,¢p), and ¢ has form

lemma(ay, x1, X15 ... 5 Qmy T,y Xom), with m > 1,
the ai,...,an are distinct atoms, not occurring in I', and
there are X1{,...,X,,, such that for each k, (1 <k <m), I'kaxp:X], and
F, aj ‘= 1‘1:X1, ceey Akp—q 1= l‘k—liXk—l H Xk =a,8,6,n X;c,
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then I' F (c,c1, ..., ¢p).
— Assume that I';a: A, h:(P a) F (c1,...,¢p), the atoms a, h are distinct and do
not occurin I'. If I' - a: (Va: A (P a) — L) — L, and ¢ has form witness(a, A, h, z, (P a)),
then I' - (c,c1,...,¢p).
— Assume that I';a1: A1 & (c1,...,¢p) and I'ag: Ao F (dy, ..., dg).
If atoms a1, as do not occur in I

I'z:(4 - 1)— (A — 1) — 1,
and ¢ has form split(aq, A1, a2, Aa, ), then
'k (c,ery..0,¢p,dr,. .., dg).

When the lemma-instruction is used for proving a lemma, one has m =
1. Using the Curry-Howard isomorphism, the lemma-instruction can be also
used for introducing definitions. The case m > 1 is needed in a situation where
wants to define some object, prove some of its properties while still remembering
its definition, and then forget the definition. Defining the object and proving
the property in separate lemma-instructions would not be possible, because the
definition of the object is immediately forgotten after the first lemma-instruction.

The witness-instruction is needed for proof steps in which one can prove that
an object with a certain property exists, without being able to define it explicitly.
This is the case for Skolem-functions obtained with the axiom of choice.

The split-instruction and the witness-instruction are more complicated than
intuitively necessary, because we try to avoid using classical principles as much
as possible. The formula (Va: A (P a) — 1) — L is equivalent to Ja: A (P a) in
classical logic. Similarly (4; — L) — (A2 — 1) — L is equivalent to A; V Ay
in classical logic. Sometimes the first versions are provable in intuitionistic logic,
while the second versions are not.

Checking correctness of proof scripts is straightforward, and we omit the
algorithm. We now give a translation schema that translates a proof script into
a proof term. The proof term will provide a proof of 1.

The translation algorithm constructs a translation of a proof script (c1, . . ., ¢p)
by recursion. It breaks down the proof script into smaller proof scripts and calls
itself with these smaller proof scripts. There is no need to pass complete proof
scripts as argument. It is enough to maintain one copy of the proof script, and
to pass indices into this proof script.

Definition 2. We define a translation function T. For correct proof scripts,
T(c1,...,cp) returns a proof of L. The algorithm T'(c1,...,cp) proceeds by ana-
lyzing c1 and by making recursive calls.

— If 1 equals false(x), then T(c1) = x.
— If ¢1 has form lemma(ay, 21, X1, ..., Qm, Tm, Xm), then first construct

t:=T(ca,...,cp). After that, T(ci,...,cp) equals

Aa1: X1 am X t) -1+ o o Ty
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— If ¢1 has form witness(a, A, h,z, (P a)), first compute
t:=T(c,...,cp). Then T(cq,...,cp) equals

(x Aa:A A (P a) t)).

— If ¢1 has form split(aq, A1, aq, Aa, ), then there are two false statements in
(ca,...,¢cp), corresponding to the left and to the right branch of the case split.
Let k be the position of the false-statement belonging to the first branch. It
can be easily found by walking through the proof script from left to right, and
keeping track of the split and false-statements.

Then compute t1 =T (ca, ..., ck), and to =T (Cht1,..-,Cp)-
The translation T (c1, ..., cp) equals

(ZL' ()\0,1:141 tl) ()\QQ:AQ t2) )

The following theorem is easily proven by induction on the length of the
proof script.

Theorem 1. Let the size of a proof script (c1,...,cp) be defined as |e1] + -+
lep|, where for each instruction c;, the size |c;| is defined as the sum of the sizes
of the terms that occur in it.

Then |T(ci,...,cp)| is linear in |(c1,...,cp)l

Proof. It can be easily checked that in T'(cy, . .., ¢p) no component of (c1,. .., ¢cp)
is used more than once.

Theorem 2. Let (c1,...,¢p) be a proof script. If I'F (c1,...,¢p), then I' = ¢: L.

3 Replacement of Equals with Proof Generation

We want to apply the CNF-transformation on some formula F. Let the result be
G. We want to construct a proof that G is a correct CNF of F. In the previous
section we have seen that it is possible to generate proof script commands that
generate a context I" in which F' and G can be proven logically equivalent. (See
Definition 1) In this section we discuss the problem of how to prove equivalence
of F and G.

Formula G is obtained from F' by making a sequence of replacements on sub-
formulas. The replacements made are justified by some equivalance, which then
have to lifted into a context by functional reflexivity axioms.

Ezample 1. Suppose that we want to transform (A; A Ag) V By V---V B, into
Clausal Normal Form. We assume that V is left-associative and binary. First
(A1 A A2) V By has to replaced by (A1 V B1) A (A2 V By). The result is ((A; V
Bi)A(A2V By))V By V-V B,. Then ((A1 V B1) A (A2 V By) V Bs) is replaced
by (A1 V By V B2) A (A2 V By V Bs). n such replacements result in the CNF
(A1 VBV ---VBy)A(A2VB1V---V By).

The ¢-th replacement can be justified by lifting the proper instantiation of the
axiom (PAQ)V R < (PV R)A(QV R) into the context (#) A B; A--+ A By,.
This can be done by taking the right instantiation of the axiom (P; < Q1) —
(P Q2) = (PLAPy = Q1 NQ2).
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The previous example gives the general principle with which proofs are to be
generated. In nearly all cases the replacement can be justified by direct instan-
tiation of an axiom. In most cases the transformations can be specified by a
rewrite system combined with a strategy, usually outermost replacement.

In order to make proof generation feasible, two problems need to be solved:
The first is the problem that in type theory, it takes quadratic complexity to
build up a context. This is easily seen from Example 1. For the first step, the
functional reflexivity axiom needs to be applied n—1-times. Each time, it needs to
be applied on the formula constructed so far. This causes quadratic complexity.

The second problem is the fact that the same context will be built up many
times. In Example 1, the first two replacements both take place in context (#)V
B3V ---V B,. All replacements, except the last take place in context (#) V B,.
It is easily seen that in Example 1, the total proof has size O(n?). The size of
the result is only 2n.

Our solution to the problem is based on two principles: Reducing the redun-
dancy in proof representation, and combination of contexts.

Type theory is extremely redundant. If one applies a proof rule, one has to
mention the formulas on which the rule is applied, even though this information
can be easily derived. In [4], it has been proposed to obtain proof compression
by leaving out redundant information. However, even if one does not store the
formulas, they are still generated and compared during proof checking, so the
order of proof checking is not reduced. (If one uses type theory. It can be different
in other calculi) We solve the redundancy problem by introducing abbreviations
for repeated formulas. This has the advantage that the complexity of checking
the proof is also reduced, not only of storing.

The problem of repeatedly building up the same context can be solved by first
combining proof steps, before building up the context. One could obtain this by
tuning the strategy that makes the replacements, but that could be hard for some
strategies. Therefore we take another approach. We define a calculus in which
repeated constructions of the same context can be normalized away. We call this
calculus the replacement calculus. Every proof has a unique normal form. When
a proof is in normal form, there is no repeated build up of contexts. Therefore,
it corresponds to a minimal proof in type theory. The replacement calculus is
somewhat related to the rewriting calculus of [7], but it is not restricted to
rewrite proofs, although it can be used for rewrite proofs. Another difference
is that our calculus is not intended for doing computations, only for concisely
representing replacement proofs.

Definition 3. We recursively define what is a valid replacement proof m in a
context I'. At the same time, we associate an equivalence A(r) of form A = B
to each valid replacement proof, called the conclusion of .

— If formula A is well-typed in context I', then refl(A) is a valid proof in the
replacement calculus. Its conclusion is A = A.

— If w1, m are valid replacemet proofs in context I, and there exist formu-
las A,B,C, s.t. A(my) equals (A = B), A(ms) equals (B = C), then
trans(my, m2) s a valid replacement proof with conclusion (A= C) in I.
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— If my,..., 7, are valid replacement proofs in I, for which A(my) = (A1 =
B1),...,A(m,) = (A = Bn), both f(A1,...,A,) and f(Biy,...,By) are
well-typed in Iy then func(f,m1,...,m,) is a valid replacement proof with
conclusion f(A1,...,An) = f(B1,...,By) in I.

— If 7 is a valid replacement proof in a context of form I'yx: X, with A(w) =
(A = B), the formulas A, B are well-typed in context I', x: X, then abstr(z, X, 7)
is a valid replacement proof, with conclusion (Az: X A) = (Az: X B).

— If '+ t: A = B, then axiom(t) is a valid replacement proof in I', with con-
clusion A = B

In a concrete implementation, there probably will be additional constraints.
For example use of the refl-, trans-rules will be restricted to certain types. Sim-
ilarly, use of the func-rule will probably be restricted.

The =-relation is intended as an abstraction from the concrete equivalence
relation being used. In our situation, = should be read as < on Prop, and it
could be equality on domain elements. In addition, one could have other equiva-
lence relations, for which functional reflexivity axioms exist. (Actually not a full
equivalence relation is needed. Any relation that is reflexive, transitive, and that
satisfies at least one axiom of form A > B = s(A) = s(B) could be used)

The abstr-rule is intended for handling quantifiers. A formula of form Va: X P
is represented in typetheory by (forall Az: X P). If one wants to make a replace-
ment inside P, one first has to apply the abstr-rule, and then to apply the
refl-rule on forall. In order to be able to make such replacements, one needs
an additional equivalence relation equivProp, such that (equivProp P Q) —
(forall P) « (forall @). This can be easily obtained by defining equivProp as
AX:Set AP,@Q: X — Prop Va: X (P z) < (Q x).

We now define two translation functions that translate replacement proofs
into type theory proofs. The first function is fairly simple. It uses the method
that was used in Example 1. The disadvantage of this method is that the size
of the constructed proof term can be quadratic in the size of the replacement
proof. On the other hand it is simple, and for some applications it may be good
enough. The translation assumes that we have for each type of discourse terms
of type reflx, and transx available. In addition, we assume availability of terms
of type funcy with obvious types.

Definition 4. The following axioms are needed for translating proofs of the
rewrite calculus into type theory.

— reflx is a proof of Hx: X X = X.
— transx is a proof of IIxq,x2,x3: X X1 = To — To = T3 — T1 = T3.
— funcy is a proof of Hx1,y1: X1 - Hxp,yn: Xy, T1=y1 — -+ = Tp = Yy
— (f a1 2n) = (f y1°--Yn). Here X1,..., X, are the types of the
arguments of f.

Definition 5. Let 7 be a valid replacement proof in context I. We define trans-
lation function T(m) by recursion on .

— T(refl(A) ) equals (refly A), where X is the type of A.
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— T(trans(my,m2) ) equals as (transx A B C T'(m1) T'(m2) ), where A, B,C are
defined from A(m) = (A = B) and A(m) = (B =O).

— T(func(f,m1,...,m) ) is defined as (funcy Ay By--- A, By, T(m1) -+ -T(m,) ),
where A;, B; are defined from A(m;) = (A; = By), for 1 <i<n.

— T(abstr(z, X, 7)) is defined as (abstrx (Az: X A) Az X B) (A X T'(w) ) ),
where A, B are defined from A(r) = (A = B).

— T'(axiom(t)) is defined simply as t.

Theorem 3. Let m be a valid replacement proof in context I. Then |T(n)| =

O([[?).

Proof. The quadratic upperbound can be shown by induction. That this upper-
bound is also a lowerbound was demonstrated in Example 1.

Next we define an improved translation function that constructs a proof of
size linear in the size of the replacement proof. The main idea is to introduce
definitions for all subformulas. In this way, the iterated built-ups of subformulas
can be avoided. In order to introduce the definitions, proof scripts with lemma-
instructions are constructed simultaneously with the translations.

Definition 6. Let m be a valid replacement proof in context I. The improved
translation function T(w) returns a quadruple (X,t, A, B), where X is a proof
script and t is a term such that I', X+ t: A = B. (The notation I', X means: I’
extended with the definitions induced by X')

— T(refl(A) ) equals (0, (reflx A), A, A), where X is the type of A.
— T(trans(my,m2) ) is defined as (X1 U X, (transx A B C t; t2), A, C'), where
X, Yo, t1,te, A, C are defined from

T(m) = (X1,t1, A, B), T(mwe)=(Xt2,B,C).
— T(func(f,m1,...,7n) ) is defined as
(Z1U---UX, UX, (funcy Ay Bi--- Ap By t1--- tn),T1,%2),
where, for i with 1 <1i <mn, the X;, A;, B;, t; are defined from
T(m;) = (X4, ti, Aiy By).
Both x1, x4 are new atoms, and X is defined from
Y ={lemma(zy, (f A1 -+ Ap),X), lemma(za,(f By -+ Bp),X)},

where X is the common type of (f A1---Ap) and (f By--- By).
— T(abstr(x, X, 7) ) is defined as

(XU, (abstry (Az: X A) Az X B) (A= X t),21,2),

where X, t, A, B are defined from T(w) = (X,t, A, B). The z1,22 are new
atoms, and

O = {lemma(z1, Az: X A),X —Y), lemma(zs, Az:X B),X —Y)}.
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— T(axiom t) is defined as (0,t, A, B), where A, B are defined from I' - t: A = B.

Definition 7. We define the following reduction rules on replacement proofs.
Applying trans on a refl-proof does not change the equivalence being proven:

— trans(m, refl(4)) =,
— trans(refl(A4), 7) = =.

The trans-rule is associative. The following reduction groups trans to the left:
— trans(m, trans(p, o)) = trans(trans(m, p), o).

If the func-rule, or the abstr-rule is applied only on refl-rules, then it proves an
identity. Because of this, it can be replaced by one refl-application.

— func(f,refl(Ay), ..., refl(4,)) = refl(f(A41,...,4n)).
— abstr(z, X, refl(A)) = refl(Az: X A).

The following two reduction rules are the main ones. If a trans-rule, or an abstr-
rule is applied on two proofs that build up the same context, then the context
butlding can be shared:

— trans(func(f, 71, ..., ), func(f, p1,...,pn)) =
func(f, trans(my, p1), . - . , trans(mp, pn)).
— trans(abstr(z, X, 7), abstr(z, X, p)) = abstr(z, X, trans(m, p) ).

Theorem 4. The rewrite rules of Definition 7 are terminating. Moreover, they
are confluent. For every proof m, the normal form ©’ corresonds to a type-theory
proof of minimal complexity.

Now a proof can be generated naively in the replacment calculus, after that
it can be normalized, and from that, a type theory proof can be generated.

4 Skolemization Issues

We discuss the problem of generating proofs from Skolemization steps. Witness-
instructions can be used to introduce the Skolem functions into the proof scripts,
see Definition 1. The wittness-instructions can be justified by either a choice
axiom or by the e-function.

It would be possible to completely eliminate the Skolem-functions from the
proof, but we prefer not to do that for efficiency reasons. Elimination of Skolem-
functions may cause hyperexponential increase of the size of the proof, see [2].
This would make proof generation not feasible. However, we are aware of the
fact that for some applications, it may be necessary to perform the elimination
of Skolem functions. Methods for doing this have been studied in [9] and [14]

It is straightforward to handle standard Skolemization using of a witness-
instruction. However, several improved Skolemization methods have been pro-
posed, in particular optimized Skolemization [13] and strong Skolemization. (see
[11] or [12]) Experiments show that such improved Skolemization methods do
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improve the chance of finding a proof. Therefore, we need to be able to han-
dle these methods. In order to obtain this, we will show that both strong and
optimized Skolemization can be reduced to standard Skolemization. Formally
this means the following: For every first-order formula F, there is a first-order
formula F”’, which is first-order equivalent to F, such that the standard Skolem-
ization of F’ equals the strong/optimized Skolemization of F. Because of this,
no additional choice axioms are needed to generate proofs from optimized or
strong Skolemization steps. An additional consequence of our reduction is that
the Skolem-elimination techniques of [9] and [14] can be applied to strong and
optimized Skolemization as well, without much difficulty.

The reductions proceed through a new type of Skolemization that we call
stratified Skolemization. Both strong and improved Skolemization can be re-
duced to stratified Skolemization (in the way that we defined a few lines above).
Stratified Skolemization in its turn can be reduced to standard Skolemization.
This solves the question that was asked in the last line of [11] whether or not it
is possible to unify strong and optimized Skolemization.

We now repeat the definitions of inner and outer Skolemization, which are stan-
dard. (Terminology from [12]) After that we give the definitions of strong and
optimized Skolemization.

Definition 8. Let F be a formula in NNF. Skolemization replaces an outer-
most existential quantifier by a new function symbol. We define four types of
Skolemization. In order to avoid problems with variables, we assume that F is
standardized apart. Write F' = F[ Jy:Y A,], where Jy:Y A is not in the scope
of another existential quantifier. We first define outer Skolemization, after that
we define the three other type of Skolemization.

Outer Skolemization Letx1,...,x, be the variables belonging to the universal
quantifiers which have 3y:Y A in their scope. Let Xq,...,X, be the corre-
sponding types. Let f be a new function symbol of type X1 — --- — X, — Y.
Then replace F[Iy:Y Al by F[A ly = (f z1---xp)] |-

With the other three types of Skolemization, the Skolem functions depend only
on the universally quantified variables that actually occur in A. Let x1,...,x, be
the variables that belong to the universal quantifiers which have A in their scope,
and that are free in A. The X1, ..., X, are the corresponding types.

Inner Skolemization Inner Skolemization is defined in the same way as outer
Skolemization, but it uses the improved x1,...,%p.

Strong Skolemization Strong Skolemization can be applied only if formula A
has form Ay N---NAq with ¢ > 2. For each k, with 1 < k < q, we first define
the sequence of variables @y, as those variables from (z1,...,x,) that do not
occur in A A\ - N Aq. It can be easily checked that for 1 <k < g, sequence
ay is a subsequence of Qg4 1.

For each k with1 < k < q, write @, as (Vg1,- .., Vg1, ). Write Vie1,..., Vi)
for the corresponding types. Define the functions Q,, from

Qu(Z) =Yor1:Viga -+ Yo, Vi, (2),

36



1t is intended that the quantifiers Yy, ;: Vi ; will capture the free atoms of Z.
Let f be new function symbol of type X1 — --- — X, — Y. For each k, with
1<k <gq, define By = Agly := (f x1---xp)]. Finally replace

FRy:Y (A1 A Az Ao N Ag)] by FIQy(B1) AQy(B2) A+ AQy(By)]-

Optimized Skolemization Formula A must have form A1 A As, and F must
have form Fy A --- A Fy, where one of the Fy,, 1 <k < q has form

Frp =Vo1: Xy Vo Xo - Vot X, Jyi Y Ay
If this is the case, then F[ 3y:Y (A1 A As)] can be replaced by the formula
Fe[Asly == (f a1+ 2p)] ],
and Fy can be simultaneously replaced by the formula
Vo: Xy Voo Xe -+ Vo X, Aily == (f z1---xp)].

If F is not a conjunction or does not contain an Fy of the required form, but
it does imply such a formula, then optimized Skolemization can still be used.
First replace F by F ANVx1: X1 Voo Xo - -Vo,: X, Y Aq, and then apply
optimized Skolemization.

As said before, choice axioms or e-functions can be used in order to justify
the wittness-instructions that introduce the Skolem-funcions. This is straight-
forward, and we omit the details here.

In the rest of this section, we study the problem of generating proofs for
optimized and strong Skolemization. We want to avoid introducing additional
axioms, because strong Skolemization has too many parameters. (The number of
conjuncts, and the distribution of the z1, ..., z, through the conjuncts). We will
obtain this by reducing strong and optimized Skolemization to inner Skolemiza-
tion. The reduction proceeds through a new type of Skolemization, which we call
Stratified Skolemization. We show that Stratified Skolemization can be obtained
from inner Skolemization in first-order logic. In the process, we answer a ques-
tion asked in [11], whether or not there a common basis in strong and optimized
Skolemization.

Definition 9. We define stratified Skolemization. Let F' be some first-order for-
mula in negation normal form. Assume that F' contains a conjunction of the form
Fi N NFy with 2 < q, where each Fy has form

Ve Xy - zp Xy (Cp — JyY Ay A--- A Ag).

The Cy and Ay, are arbitrary formulas. It is assumed that the Fy have no free
variables. Furthermore assume that for each k, 1 < k < q, the following formula
s provable:

V$12X1 crr Ipt Xp (Ck-i-l — Ck)

Then F[ F1 A -+ N Fy] can be Skolemized into F[F{ A --- A F,], where each
F/, 1<k <q has form

Ve Xy 2p Xy (Cp = Aply=(f a1+ 2p) ] ).
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As with optimized and strong Skolemization, it is possible to Skolemize more
than one existential quantifier at the same time. Stratified Skolemization im-
proves over standard Skolemization by the fact that it allows to use the same
Skolem-function for existential quantifiers, which is an obvious improvement. In
addition, it is allowed to drop all but the last members from the conjunctions
on the righthandsides. It is not obvious that this is an improvement.

The Ci,...,C, could be replaced by any context through a subformula re-
placement.

We now show that stratified Skolemization can be reduced to inner Skolem-
ization. This makes it possible to use a standard choice axiom for proving the
correctness of a stratified Skolemization step.

Theorem 5. Stratified Skolemization can be reduced to inner Skolemization in
first-order logic. More precisely, there exists a formula G, such that F is logically
equivalent to G in first-order logic, and the stratified Skolemization of F equals
the inner Skolemization of G.

Proof. Let Fy,..., F, be defined as in Definition 9. Without loss of generality,
we assume that F' is equal to Fy A --- A F,. The situation where F' contains
Fiy N --- N Fy as a subformula can be easily obtained from this.

For G, we take

Ve: Xy - Vo, X, Y (Cr— A A=A (Cy — Ay).

It is easily checked that the inner Skolemization of G equals the stratified Skolem-
ization of F, because y does not occur in the Cf.

We will show that for all z1,...,x,, the instantiated formulas are equivalent, so
we need to prove for abitrary x,...,zp,

q q
N\ Cr = FyY (AL AN AL) & Ty Y /\Ck—>Ak
k=1 =1

We will use the abbreviation LHS for the left hand side, and RHS for the
right hand side.
Define DO = _|Cl VANRRIAN _‘Oq.
For 1 < k < q, define

DkZCl/\---/\Ck/\ﬁCk_H/\---/\ﬁCq.

Finally, define Dy = Cy A--- A Cy.
It is easily checked that (Cy — Ci) A--- A (Cq — Cq—1) implies Dy V - -V Dy.
Assume that the LHS holds. We proceed by case analysis on DoV -V Dy. If
Dy holds, then RHS can be easily shown for an arbitrary y. If a Dy with k > 0
holds, then C} holds. It follows from the k-th member of the LHS, that there is
a y such that the Aj,..., Ay hold. Since k¥’ > k implies =C}/, the RHS can be
proven by chosing the same y.
Now assume that the RHS holds. We do another case analysis on DgV---VDj.
Assume that Dy holds, with 0 < k < q.
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For k' > k, we then have —=C}/. There is a y: Y, such that for all k' < k, Ay
holds. Then the LHS can be easily proven by choosing the same y in each of the
existential quantifiers.

Theorem 6. Optimized Skolemization can be trivially obtained from stratified
Skolemization.

Proof. Take ¢ = 2 and take for C; the universally true predicate.

Theorem 7. Strong Skolemization can be obtained from stratified Skolemization
in first-order logic.

Proof. We want to apply strong Skolemization on the following formula
Vo Xy -V X, (Cxp - ) = 39Y AL A2 AN A,

For sake of clarity, we write the variables in C' explicitly. First reverse the con-
junction into

Vo Xy Ve Xy (Cay - xp) = Y AgA--- A A

Let @1,...,0, be defined as in Definition 8. The fact that Aj; does not contain
the variables in @y, can be used for weakening the assumptions (C' z1--- x,) as
follows:

1
N\ Vo Xy Vap Xy [ F3a (Cay-exp) | — JyY Ag A A Ay

k=q

Note that k runs backwards from ¢ to 1. Because @y, C @1, we have Jay, (C a1 - - -

implies 3a41 (C x1---xp). As a consequence, stratified Skolemization can be
applied. The result is:

1
/\Vxl:X1~~~V:cp:Xp [Tar (Czi---ap) | = Arly = (f z1---2p) .
k=q

For each k with 1 < k <, let Bk be the variables of (z1,...,z,) that are not in
). Then the formula can be replaced by

/\V@k VB [ Fan (Cai--ap) | = Axly = (f 21 -2) |.

k=q

This can be replaced by

N By [ 3a (C ay--1y) | — Vo Arly = (f 21 1,) ],

k=q

which can in turn be replaced by

1
/\VB,C Vag (C xy - xp) = Var, Agly:=(f z1---3p) |,

k=q

The result follows immediately.
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It can be concluded that strong and optimized Skolemization can be reduced
to Stratified Skolemization, which in its turn can be reduced to inner Skolem-
ization. It is an interesting question whether or not Stratified Skolemization has
useful applications on its own. We intend to look into this.

5 Conclusions

We have solved the main problems of proof generation from the clausal nor-
mal form transformation. Moreover, we think that our techniques are wider in
scope: They can be used everywhere, where explicit proofs in type theory are
constructed by means of rewriting, automated theorem proving, or modelling of
computation.

We also reduced optimized and strong Skolemization to standard Skolemiza-
tion. In this way, only standard choice axioms are needed for translating proofs
involving these forms of Skolemization. Alternatively, it has become possible to
remove applications of strong and optimized Skolemization commpletely from a
proof.

We do intend to implement a clausal normal tranformer, based on the results
in this paper. The input is a first-order formula. The output will be the clausal
normal form of the formula, together with a proof of its correctness.
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Translation of Resolution Proofs into Short
First-Order Proofs without Choice Axioms

Hans de Nivelle
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Abstract

We present a way of transforming a resolution-style proof containing Skolemization
into a natural deduction proof without Skolemization. The size of the proof increases
only moderately (polynomially). This makes it possible to translate the output of a
resolution theorem prover into a purely first-order proof that is moderate in size.
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If one wants a resolution based theorem prover to generate explicit proofs,
one has to decide what to do with Skolemization. One possibility is to allow
Skolemization, (or equivalently the axiom of choice) as a proof principle. In
that case, the resolution proof can be translated more or less one-to-one into
a natural deduction proof. In [10] it is described how to do this efficiently
for the clausal normal form (CNF) transformation. In [6] and [7], a hybrid
method was developed. For resolution on the clause level, explicit proofs were
generated. For the CNF-transformation, an algorithm was developed inside
COQ and proven correct. Using this approach, explicit generation of proofs
for the CNF-transformation could be avoided. (Although strictly seen, inside
COQ), the term defining the algorithm also defines a proof principle) A related
approach was taken in [14], using the Boyer-Moore theorem prover instead of
COQ. Both approaches use the axiom of choice. In [6], the axiom of choice
was used for proving the clausification algorithm correct. In [14], it is assumed
that domains are finite, which implies the axiom of choice.

Email address: nivelle@mpi-sb.mpg.de (Hans de Nivelle).
URL: www.mpi-sb.mpg.de/~nivelle (Hans de Nivelle).
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Another possibility is to completely eliminate the Skolemization steps from
the proof. If one is interested in correctness only, the axiom of choice is cer-
tainly acceptable, but it is much more elegant to avoid using the axiom of
choice at all in proofs of first-order formulas. Until recently, the only known
way of eliminating applications of Skolemization from a proof made use of
cut elimination. Because of this, these methods can cause a hyperexponential
increase in proof size in the worst case, see [21] or [18], or also [4]. In [19],
such an algorithm is described in detail. In [13], an improved method is given,
which is optimized towards readability of the resulting proof. This method has
been implemented in Qmega by Andreas Meijer. (see [20])

In [1], a method for eliminating Skolem functions from first-order proofs was
presented, which results in proofs of polynomial size. The method works only
in the context of a theory that is strong enough to encode finite functions.
This is a weak requirement, because for example axiomatizations of common
datastructures, like lists or arrays would suffice. The finite functions are used to
approximate the Skolem functions through an internalized forcing argument.
We think that the method could be implemented, but it would not work in
the general first-order case.

The general problem whether Skolem functions can be efficiently eliminated
from every first-order logic proof seems to be open, see the table in [8], Page 9.

In this paper, we give a general method for eliminating Skolem functions from
resolution proofs, which can be implemented and expected to be efficient. In
addition, it is structure preserving, by which we mean that it does almost not
change the structure of the proof. The main idea is the following: Assume that
f is a Skolem function in the clausal formula Vz p(z) V q(f(z)). ' Then f
can be replaced by a binary relation F' as follows: Vza F(x,a) — p(z) V ¢(«).
It turns out that if one replaces Skolem functions by relations in a resolution
proof, and for each relation one can show seriality, then the result will still
be a valid first-order proof. The surprising fact is that resolution does not
make use of the functionality of F only of its seriality. Because f is a Skolem
function, it originates from a formula of form Vz3y F'(x,y). Hence, F' can be
taken as serial relation. Proofs containing paramodulation steps can also be
handled. There is only one restriction on the use of paramodulation, namely
that it has to be simultaneous in the Skolem functions. Simultaneous in the
Skolem functions means that whenever an equality ¢, ~ t5 is applied inside a
Skolem term, all instances of ¢; that are inside some Skolem term have to be
replaced by 5. The completeness of this restriction follows from the fact that
one does not have to paramodulate at all into Skolem terms for completeness.
This was proven in [5], and generally accepted as an efficient restriction of

! When writing a first-order formula, we assume that the scope of a quantifier
extends as far to the right as possible.
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Fig. 1. An unsatisfiable set of first-order formulas

Va3y p(z,y),
Vayz p(z,y) Aply,z) — = = z,
Vay —p(z,y) V —p(y, ).

Fig. 2. Resolution Refutation with Skolem functions

1 Va p(z, f(x)) initial clause

2 Vaeyz —p(x,y) V- ply,z) Ve =z initial clause

3 Vzy —p(x,y) V —p(y,x) initial clause

4 Vaez =p(f(x),z) Vo~ z resolvent of 1 with 2

5 Ve x =~ f(f(x)) resolvent of 1 with 4

6 Vz p(f(x),x) paramodulant of 5 into 1
7 Vo —p(f(z),z) resolvent of 1 with 3

8 L resolvent of 6 with 7

resolution.

We will give an example of a complete transformation. Consider the set of first-
order formulas, given in Figure 1. The set is unsatisfiable, because the first
formula requires that there exists a chain of p’s which has no end. The second
formula ensures that this chain actually is a cycle of length two. The third
formula insists that cycles of length two do not exist. Using resolution and
paramodulation, one can construct the refutation of Figure 2. The function
symbol f is a Skolem symbol. If one replaces f by a binary predicate symbol
F, one obtains the set of formulas 1’,2’, 3" of Figure 3. The refutation of 1,2, 3
can be stepwise translated into the refutation of 1/, 2’, 3’ of Figure 3. The result
is a proof of L from 1’,2’, 3’ which is still first-order. The proof does not use
any special properties of F. The only condition on F'is that it has to be serial,
i.e. Vxdy F(z,y) must be provable. We can obtain a completely first-order
refutation (= proof of the negation) of the formulas in Figure 1, if we can find
an F, for which 1’,2', 3, together with seriality are provable from the original
formulas in Figure 1. This can be easily obtained by putting F'(z,y) := p(z,y).
In that case, seriality immediately follows from the first formula of Figure 1,
and clause 1’ becomes a tautology.

In the rest of the paper we will show that the method, suggested by the
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Fig. 3. Resolution Refutation with Replaced Skolem Functions

I Vea F(x,a) — p(x, ) Initial clause.
2’ Vaeyz —p(x,y) V- ply,z) Ve =z Initial clause.
3 Vzy —p(x,y) V —p(y,x) Initial clause.
4 Vaeza F(z,a) — —pla,2) Ve =z Instantiate 2’ with y := a,

then resolve with 1’ on p(z, av).
5’ Vzaf F(z,a) NF(a,8) — 2~ [ Instantiate 1’ with z := a, «:= [,
instantiate 4’ with z := 3,
then resolve results on p(a, 3).
6’ Vea F(z,a) — p(a, ) Instantiate 1’ with z := «, «:= [,
then paramodulate from 5’
into p(c, (). In the result,
remove F(a, 3) with Va3y F(x,y).
v Vea F(z,a) — —p(a,x) Instantiate 3’ with y := a,
Resolve result with 1’ on p(z, «).
8’ L resolve 6’ with 7°.
After that, remove

F(z,a) with Va3y F(z, ).

example, works in general. In Section 3, we show that resolution proofs re-
main correct first-order proofs, when certain functions are replaced by serial
relations in the clauses. We show that the resolution proof can be stepwise
translated into a first-order proof. It is probably no surprise that paramodula-
tion steps are the most difficult to translate. Paramodulation is the rule that
looks into the term structure, and the replacement of functions by relations
modifies the term structure. In order for the translation to be possible, the
paramodulation rule has to be slightly restricted. The restriction is very nat-
ural, and the resolution provers we are aware of, implement a much stronger
restriction, because it improves the efficiency of proof search. In Section 2, we
do some introductory work for the translation of paramodulation.

In Section 4, we show that it is in general possible to prove the initial clauses
(with replaced Skolem functions) from the initial formulas. We show that this
is possible for most of the standard CNF-transformations that are currently in
use. [t is in general not as easy as in the example, because there can be nesting
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of existential quantifiers (as in Vr; 3y, Ve Iys p(x1, y1, T2,92) ), and existential
quantifiers may occur in a conditional context (as in Vz p(x) — Jy q(z,y) ).
The problems will be discussed in Section 4.

1 Preliminaries

Definition 1 We assume a fixed set of predicate symbols P and a fized set
of function symbols F. The sets P and F are assumed disjoint. We assume a
fized function ar, that attaches to each f € F a natural number ar(f) > 0. In
addition, ar attaches to each p € P a natural number ar(p) > 0. We assume
that for each n > 0 there are countably infinitely many elements f € F with

ar(f) = n.

Similarly, we assume that for each n > 0, there are countably infinitely many
elements p € P with ar(p) = n.

We assume that there is no syntactic distinction between variables and con-
stants. We call the elements ¢ € F, for which ar(c) = 0, either constants or
variables depending on how they are used.

Definition 2 We recursively define the set of terms. If n > 0, t1,...,t, are
terms, f € F and ar(f) =n, then f(t1,...,t,) is also a term.

Next we define the set of atoms. If n > 0, ty,...,t, are terms, p € P and
ar(p) = n, then p(ty,...,t,) is an atom. If t1,ty are terms, then t; =ty is an
atom. Formulas are recursively defined as follows:

If A is an atom, then A is also a formula,

L and T are formulas,

if A is a formula, then —A is also a formula,

if A, B are formulas, then ANB, AV B, A— B, A« B are also
formulas,

o ifx € F has ar(x) = 0, and A is a formula, then Yx P and 3x P are also
formulas.

For our purpose, it is convenient to define clauses as a subset of formulas:

Definition 3 If A is an atom, then the formulas A and —A are literals. A
literal of form A is called positive. A literal of form —A is called negative.

If Fy, ..., F,, are formulas with n > 0, then Fy V ---V F,, simply denotes the
disjunction of Fy,...,F,. In case that n =0, F;V---V F, denotes L.

A clause is a formula of form Vxy---xp LyV---V L, in which Ly, ..., L, are
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literals, and k > 0. We assume that the x; are distinct. The clause is empty
if n=0. It is ground if k = 0.

Definition 4 Let S C PUF. For each of the objects defined before (formula,
term, atom, literal, clause), we call it an object over S if it contains only
predicate and free function symbols from S.

Since we are going to replace function symbols by relations, we need to formally
define what a relation is.

Definition 5 If F is a formula and x4, ...,z € F have ar(z;) = 0, then the
ETPTression

R=Xvy--- Ay, F

is a k-ary relation. We also write ar(R) = k.

Ifty,... t, are terms, then R(ty,...,t,) denotes the formula

The notation [x; := t;] denotes capture avoiding substitution.

The A-symbol will not occur in the proofs that we construct, because relations
will be always instantiated in proofs.

We now define function replacements. In order to define a function replace-
ment, one needs to specify the function symbols that will be replaced. Terms
that have such a function symbol on top will be replaced by fresh variables.
As a consequence, one also needs to specify a set of fresh variables that will
be big enough.

Definition 6 We write Fpyon for the set of function symbols that occur in
the orginal problem and its resolution proof, including the Skolem function
symbols. Obviously Fpror, C F.

We assume a subset Frepl 0f Frrob, Specifying the function symbols that will
be replaced. (These would normally be the Skolem functions)

Let Fper with Fprop N Fpet = O be the set of variables that will be used as
definitions. We use greek letters «, 3,7,6 to denote elements of Fper- It is
assumed that Fper is countably infinite.

The function replacement is a function | | that

o assigns to each f € Frep @ relation Ry, s.t. ar(Ry) = ar(f) + 1.
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e assigns to each term f(ty,...,t,) with f € Frepl, and t1, ..., t, over Fpyop
a unique element o € Fpes.

Definition 7 Let Frepi, Fper and | | be defined as in Definition 6. The func-
tion [ ] is extended to terms over Fpyon as follows: The range of extended | |
is the set of terms over (Fprob \Frepl) U Fhet-

o Foraterm f(t1,...,t,) with f € Frep, the replacement [f(ty1,...,t,)] is as
defined by Definition 6.

o Foraterm f(t1,...,tn) with f € Fprob\Frepl, the replacement [f(t1, ..., t,)]
is defined as f( [t1], ..., [ta] )-

For a quantifier-free formula F, we define [F| as the result of replacing each
term t in F by its corresponding [t].

For a quantifier-free formula F, we define

o the set Var(F) as
{a € Fper | 3t in F, s.t. a=[t'] }.

These are all the variables of Fper that were introduced for defining a sub-
term of F.
e the definition set Def(F') as the set

{UICI], -l @) [a e Var(F), a=[f(ty,... ta) ] }-

For a term t, the notions Var(t) and Def(t) are defined correspondingly. For
a sequence of quantifier-free formulas and terms Uy, ..., U, (possibly mized),
we define Var(Uy,...,U,) = Var(Uy) U --- U Var(U,), and Def(Uy,...,U,) =
Def(Uy) U - - - U Def(U,).

Lemma 8 For each term t' over (Fprob \Frepl) U Fper, there is at most one
term t over Fpyon, s.t. [t] =1

For a variable free formula F', Var(F') and Def(F') depend only on the terms
in F, and not on the formula structure of F. Therefore it is possible to write
Var(F, G) instead of Var(F' A G) or Def(ty,t9, F') instead of Def(t; ~ to V F),
etc.

Example 9 Let A be the atomic formula p( s(f(s(f(0)))) ). Assume that

}—Zepl = {f} and [f] = F. Further assume that [f(0)] = o, [f(s(f(0)))] = 5.
Then
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Var(A) = {a, 3}. Def(A) = {F(0,a), F(s(a), 5)}.
We will use the previous definitions to replace a clause

by

Voy---xp V Var(Ly,...,L,) A\Def(Li,...,Ly) — [Li] V-V [L,].

We will usually omit the A-symbol.

Example 10 Let C =Vz p(z, f(z)) Vq(f(f(x)),z) be a clause. Assume that
an

Frepl = 1f}, [f1=F, [f(x)]=a, and [f(f(x;) = (3. Then the translation
of C equals

Vo Vaf F(z,a) A F(a,3) — p(x,a) V q(8, ).

It may appear strange that the value of [ | depends on the syntactic appear-
ance of a term. For example, one has [ f(z) | = «a, [ f(y) ] = B, while at
the same time, the clauses Vz p(f(x)) and Yy p(f(y)) are a-equivalent. The
explanation for this fact is that we introduced a global translation function | |
for convenience only. It would suffice to define a distinct replacement function
[ ]¢ for each clause C. However, this would only complicate the presentation of
the translations in the next section, without introducing more generality. The
clauses Vz p(f(x)) and Yy p(f(y)) will be translated as Vza F(z,a) — p(a)
and YyfB F(y,) — p(3), which are again a-equivalent. In practice, if one
implements the translation method, it may be inefficient to construct a global
replacement function, because it needs to store all terms that occur in the
proof.

2 Term Replacement

In this section we explain how paramodulation behaves in combination with
function replacements. The results in this section are the essence of the trans-
lation method. We define three related concepts, and show that they have
related properties. The concepts are substitutions, generalized substitutions
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and systems of equations. A substitution is defined as usual. It assigns terms
to variables. In the context of a function replacement, it has to be extended
to the variables in Fper, which is unproblematic.

A generalized substitution is a set of replacement rules of form ¢ := u, where
t and u are arbitrary terms. When it is applied, every occurrence of t has
to be replaced by w. Using generalized substitutions, it is possible to define
simultaneous paramodulation. In [12], it was shown that Skolem functions can
be eliminated from resolution proofs in which all paramodulation steps are
simultaneous.

In this paper, we show that it is possible to use a more general form of
paramodulation, which we call non-separating paramodulation. In non-separating
paramodulation, replacement is controlled by extensions of systems of equa-
tions. Roughly speaking, non-separating paramodulation means that it is not
allowed to introduce a distinction between two Skolem terms by equality re-
placement.

Example 11 Consider the equality 0 =~ 1, and the clause p(f(0),0). Assume
that Frept = {f}, [f] = F, and that [f(0)] = «, [f(1)] = B. The translation
of p(f(0),0) (as a clause) equals

Va F(0,a) — p(a,0).

Using paramodulation from the equality 0 ~ 1, one can obtain each of the fol-
lowing clauses

clause translation

p(f(1),0), Ve F(1,5) — p(6,0),
p(f(0),1), Va F(0, @) — p(a, 1),
p(f(1),1), V6 F(1,6) — p(B,1).

Example 12 Now consider the equality f(0) =~ f(1), and the clause p(f(0), f(0)).
Let Frepr and | | be as in the previous example. The translation of f(0) ~ f(1)
equals Va8 F(0,a) NF(1,5) — a ~ (. The translation of p(f(0), f(0)) equals
Va F(0,a) — p(a, ). The following clauses can be obtained by paramodula-
tion:
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clause translation

p(£(0), f(1)), Vai F(0,a) A F(1,3) — p(a, §),
p(f(1), £(0)), Va3 F(0,0) A F(1,3) — p(B, @),
p(f(1), f(1)), V6 F(0,3) — p(6,5).

The last clause is derived through YafB F(0,a) A F(1,8) — p(B,3), from
which F(0, ) can be removed through the seriality axiom for F.

The examples show the principle of how paramodulation steps can be recon-
structed after translation by a function replacement. If some term ¢; that
needs to be replaced, occurs inside some literal R, then [t;] occurs either in
[R] or in Def(R), and the replacement can be made there.

Example 13 Consider the equality 0 ~ 1, and the clause p(f(0), f(0)). Let
[ ] and Frep be defined as in the previous examples. From Yo F(0,a) —
pla,a) and 0 =~ 1, one can prove V3 F(1,3) — p(B, ), but not Va F (0, a) A
F(1.8) = pla. B).

The last example shows the main problem when translating arbitrary paramod-
ulation steps. If one wants to replace t; by ¢y inside some atom R, and [¢;]
occurs in Def(R), then all subterms that depend on the occurrence [t;] will be
automatically modified. Because of this reason, one does not have unlimited
freedom in choosing which occurrences of ¢; are to be replaced, and which
ones remain unchanged. For this reason, only simultaneous paramodulation
was considered in [12]. In this paper, we show that a weaker restriction of
paramodulation, which we will call non-separating, works as well.

We now define both substitutions and generalized substitutions, and how they
are translated by a function replacement | |.

Definition 14 A substitution is a set of form © = {x1 :=ty,...,x 1= 11},
s.t. (z;, = x4y) = (tiyy = ti,). Fach x; is a variable, and each t; is a term.

The application of © on a term t, notation t - O, is recursively defined as
follows (in the standard way):

e ift equals one of the x;, then t - =t;.
o Otherwise, write t = f(wy,...,w,). The application f(wy,...,w,) X equals
flwy- X, 0w, - X).

The application of © on a quantifier-free formula F' s defined term-wise.
Definition 15 A generalized substitution is a set of form

Y ={ty :==uy,... .ty ;= u}, s.t. there exist no distinct iy,iy with 1 < iy,iy <
k, and t;, is a subterm of t;,. The application of ¥ on a term t, notation t - X,

o1



1s recursively defined as follows:

o [ft equals one of the t;, thent -3 = u;.
e Otherwise, write t = f(wy,...,w,). The application f(wy,...,w,) % equals
f(w1 E,,wnE)

The application of ¥ on a quantifier-free formula F' is defined term-wise.

Substitutions and generalized substitutions are closely related. One could say
that substitutions are ‘a subclass’ of generalized substitutions. We now de-
fine how a function replacement [ | translates a generalized substitution. By
‘inheritance’, the translation also applies to simple substitutions.

Definition 16 Let ¥ = {t; := uy,...,t; := ug} be a generalized substitution
on terms over Fpron. Let [ | be a function replacement, replacing functions
from Frepl € Fprob and introducing variables from Fpes.

We define the replacement of X, for which we write [¥], as the union of a
substitution and a generalized substitution. The first one, [X]prop contains the
straightforward translation of 3 by [ ]. The second one, [Y]pet, defines the
translation of the application operator on Fpef.

Eleron = { [ta] := [ual, -, [te] = o] }
Elpet ={ a:=[t-3] | @ € Fpetr, a=[t] andt #1t-X }.
3] = [E]prob U [X]per-
Note that the notation [X]p,op is slightly misleading, because the [t;] and [u;]

can contain variables from Fper as well. It is easily checked that [X] is always
a well-formed, generalized substitution.

Theorem 17 Let ¥ = {t; := uy,...,tx := ur} be a generalized substitution
on terms over Fpon. Let [ | be a function replacement, replacing functions
from Frept € Fprob, and introducing variables from Fpe. For every term term
t over Fprop,

[t-3] =[] - [%].

PROOF. We use induction on the term structure of ¢.
e If ¢ equals one of the ¢;, then [t; - 3] = [u;], by construction of [X] D [X]prop-

e If ¢ does not equal any of the t;, and [t] € Fpes, then [t] - [X] = [t - ], by
construction of [¥] D [X]pes.
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e If ¢t does not equal any of the ¢;, and [t] & Fper, then write t = g(wy, ..., w,).
We have [g(wy, ..., w,) 3] = [g(w1-3, ..., w,-2)] = g([wy-X], ..., [w, - X]).
By induction, this equals g([ws] - [X], ..., [w,] - [2]). But this is equal to

lg(wy, ..., w,)] - [X], because [t] # [t;] and [t] & Fpet-

Theorem 18 Let ¥ = {t; := uy,...,tx := ur} be a generalized substitution
on terms over Fpron. Let [ | be a function replacement, replacing functions
from Frepl € Fprob, and introducing variables from Fpes.

For every term t over Fpop,

[ta] & [ual, . [te] & Ju] = ([2] - [X]) = ([] - [E]per)-
PROOF. The missing replacements can be made up by equality replacement.

In the rest of this paper, we will only use substitutions, not generalized sub-
stitutions. Theorem 18 will not be used. We have included it here for sake of
completeness, because it was used in [12]. Instead we prove a more general
statement about which equality replacements can be translated. Before we
state it, we give an example:

Example 19 Consider the equality 0 ~ 1, and the clause p(f(0,0), f(0,0)).
Assume that Frept = {f}, [f] = F, and that

[f(()?())] = @, [f(O, 1)] = ﬁa [f(l,O)] =7 [f(17 1)] = 9.

Using | ], the clause p(f(0,0), £(0,0)) translates into

Va F(0,0,a) — p(a, a).

Using paramodulation from 0 & 1, the following 3 clauses can be obtained:

VB F(0,1,8) — p(B, 3),
vy F(1,0,7) — p(v,7),
V8 F(1,1,8) — p(d,6).

The following clauses are examples of clauses that cannot be obtained:

Vaf F(0,0,a) A F(0,1,3) — pla, 5),
VBy F(0,1,8) A F(1,0,7) — p(B,7).
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Example 19 shows that one does not always have to replace all occurrences.
On the other side, one also does not have a full freedom when deciding which
occurrences are to be replaced. If one wants to paramodulate from an equation
t; = ty into a literal A, then the possibilities are determined by the occurrences
of [t1] in [A]. In the clause of Example 19, the first and second occurrence of 0
are represented by distinct arguments of F. However the (first and third), and
the (second and fourth) occurrence are represented by the same argument of
F. Therefore these cannot be separated.

Whenever some term, constructed by a function symbol in Fgep, has more
than one occurrence, all occurrences are represented by the same variable in
the [ ]-translation. Therefore, paramodulation must be carried out in such a
way that it does not introduce a distinction between identical terms with a
symbol from Frep on top. In the previous example, f(0,0) was such a term.
We call the resulting restriction of paramodulation non-separating.

We now define the notion of a system of equations. Only systems with & =1

will be used in this paper, but the results that we prove in this section also
hold for k£ > 1.

Definition 20 A system of equations £ is a set of form
E=A{uy = ty,...,up =}, where uy, ty, ..., uy, ty are terms.

Replacement of equals is controlled by ezxtensions. An extension determines
how replacements are made inside identical Frep-terms.

Definition 21 Let &€ = {u; = t,...,ur =t} be a system of equations with
terms over Fpron. Let t and u be two terms over Fpron. We write E(t,u) if u
can be obtained from t by finitely often replacing a t; by its u; (or a u; by its

ti), at arbitrary positions, but never in the scope of a function f € Frepl-

An extension X of € is a function from the set of terms over Fpop to itself. For
every term f(wy,...,w,) over Fpon, the following recursive condition must
hold:
o If f € FRepl, then
flwy, ... wy,) - X has form f(vy,...,0,),
and for each v with 1 <1 <n, it must be the case that
8( Vi, Wj by )
L [ff ¢ fReph then

flw, ... wy) - X = f(w - X, ..., w, - X).
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The application of X on a quantifier-free formula F' is obtained by applying X
on each top level term in F.

We write t - X instead of X(t), because of the close relation with the extension
of a generalized substitution. The £-relation allows arbitrary replacement of
equals by equals, but not in the scope of a function symbol from Fgep. Re-
placements inside the scope of a function symbol from Fgep are controlled
by the extension, which ensures that the same term is always rewritten in the
same way. The non-separating paramodulation rule is defined in Definition 32,
using systems of equations and their extensions.

Example 22 In the first paramodulant of Example 19, & = {0 =~ 1}, and
f(0,0) - ¥ = f(0,1). For the atom p(f(0,0), f(0,0)), the only atom A with

E(p(£(0,0), (0,0)), A) equals p(f(0,1), f(0,1)). For atom ¢(f(0,0),0, f(0,0)),
there would be two possibilities, q(f(0,1),0, f(0,1)) and q(f(0,1),1, f(0,1)).

Definition 23 Let £ = {t; =~ uy,...,tx = ux} be a system of equations with
terms over Fpron. The replacement of £, written as [E], is defined as the system
of equations

{ [t1] = [ua], ..., [te] =~ [ux] }.

Let X be an extension of £. The replacement [X] of ¥ is defined as the substi-
tution

] ={a=1[t%]| o€ Foe, anda=[t] }.
Theorem 24 For every term t over Fprop,

-] =[] - [%].

For every quantifier-free formula F' with terms over Fprop,
[F-X] = [F]- [X].
Theorem 25 For each pair wy,wy of terms over Fprop,

E(wy,wy) implies [E] F [w] ~ [ws)].

PROOF. It is enough to show the lemma under the assumption that ws
can be obtained from w; by a single replacement. Suppose that there is an
equation (t =~ u) € &, s.t. there is a position 7 in w; and we, s.t. wy; and ws
differ only at position 7, w; contains ¢t on 7, and ws contains u on m., Then
([t] = [u]) € [€], [wi] and [wy] differ only at position m, [w;] contains [¢] on
7 and [ws] contains [u] on .
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Theorem 26 Let £ = {t; = uy,...,tx = ug} be a system of equations with
terms over Fpron. Let X be an extension of €. Let zy be a term over Fprob,
which is constructed by a function symbol f € Frepl. Let zo be some term over
Fprob that contains zy.

Then either z1 - 3 is a subterm of zo - 3, or z1 - % is a subterm of one of the
terms t1, U1, ..., g, Ug.

PROOF. Suppose that z; - ¥ is not a subterm of z; - . Let 2z’ be a smallest
subterm of 25, s.t.

e 2 is a strict subterm of 2’ and 2’ is a subterm of 2z,
e 2’ has form f(wy,...,w,) with f € Frep.
e 2, - X is not contained in 2’ - X.

We show that such 2’ exists. First, let z” be a smallest subterm of 2z, which
contains z; and for which z; - X is not a subterm of z” - . Then, if all subterms
between z; and z” would have a function symbol f & Frep on top, then z; - 3
would be a subterm of 2" - ¥, because f(wy,...,w,) X = f(wy -2, ..., w, %)
in case that f & Frepi,

The application f(wy,...,w,) % has form f(vy,...,v,). Term z; is a subterm
of one of the w;. By definition of extension, £( w;-%, v; ). By minimality of 2/, it
must be the case that z;-X is a subterm of w;- Y. From the construction of 2/, it
follows that z; - 3 is not a subterm of v;. Because £(w; - X, v;), it is possible
to rewrite w; - X into v;, using the equalities in €. In the rewrite sequence,
there is a last term that still contains z; - 2. Because z; - 2 is constructed by
a term in Fgepl, rewriting inside z; - ¥ is not allowed. Therefore the equality
t; =~ u; (with 1 < j < k) that removes z; - ¥ must contain z; - X.

3 Translation of Resolution on the Clause Level

In this section we will show the following: Let | ] be some function replacement
replacing functions from Fgep and introducing variables from Fpes. Let S be
some set of clauses. If S has a resolution refutation in which all paramodulation
steps are non-separating, (relative to [ ]) and [S] is obtained from S by replac-
ing each clause Vzy - - -z, R by its translation Vzy - - -z ¥V Var(R) Def(R) —
[R], then [S] has a natural deduction refutation with size bounded by a poly-
nomial in the size of the refutation of S. For each replaced function f, the
translation [f] must be serial, which means the following:

Definition 27 Let R be an (n+ 1)-ary relation. The seriality axiom for R is
the formula Vaq - x, Jy R(x1,..., 20, Yy).
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The refutation of [S] can be obtained by step-by-step translation of the proof
steps. We will sum up the standard resolution (+4-paramodulation) rules, as
they can be found for example in [15], and show that for each rule the trans-
lation of the conclusion is provable from the translations of the premises. We
will not explicitly determine the complexity bound, because it will be clear
from the proof constructions that the complexity bound is of low polynomial
degree. It is not useful to determine the degree more explicitly, because its
exact value would depend on details of the calculus used.

In order for the translation to work, paramodulation needs to be non-separating,
which intuitively means that equality replacement cannot introduce a distinc-
tion between two Skolem terms in a clause.

In resolution, instantiation is controlled by unification of terms or literals that
need to be made equal before the rule can be applied. The use of unification is
important for efficiency, but not important for soundness of the rules. There-
fore we can define a separate instantiation rule, and assume that the other
rules do not instantiate, which simplifies the presentation.

We now define instantiation. The definition is more complicated than usual,
because we cannot make use of implicit quantification, but apart from that,
it is completely standard.

Definition 28 A generalization A is a set of form {x1,...,x,}, s.t. each x;
18 a variable.

Definition 29 LetC' =V -2, R and D =Yy; - - -y, S be clauses. We call
D an instance of C' if there exists a substitution ©, which assigns only to vari-
ables from xy,...,x, s.t. R-© =S, and for the generalization {y1,...,Ym},
none of the variables yy, ..., Ym s free in Vay--- x5 R.

It is easily checked that C' = D, if D is an instance of C. We treat permutation
separately:

Definition 30 ClausesVxy---x) LyV---V L, andVxy---x, M V---V M,
are permutations of each other if

{Ll,...,Lm}:{Ml,...,Mn}.

Definition 31 We define the unary rules:

Vei---x, ti =t VR Vo ---xp t1 2t VR
Vri---x, tax~t; VR Vop -y ot VR

equality swapping

Voo, t%tVER
Vry--x, R

equality reflexivity
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\V/l‘l"'l‘k tlztg\/t1%t3\/R

equality factoring Uiy zh b~V sV R

Definition 32 We define the binary rules:

\V/{L‘l'-'l‘k A\/R1 \V/l‘ll‘k _'A\/RQ
v.l’l"'.l’k Rl\/R2

resolution

non-separating paramodulation
Let & = {t1 = to}. Let ¥ be an extension of E. Assume that E( R}, Ry-3 ),
Then

V:U1~-~:1:k tlthVRl V:lek R2
v.l’l"'.l’k RIVR/2

The intuitive meaning of the non-separating paramodulation rule is as fol-
lows: If some term f(wy, ..., w,) with f € Frep contains an occurrence of ¢y,
and there are multiple occurrences of f(ws,...,w,) in Ry, then ¢; has to be
replaced by ts either in all of them or in neither of them.

Example 33 Assume that Frep = {f, g}. Using equality 0 =~ 1, we have

p(0,0,0) = p(0,1,1) possible,

q(s(0,0),s(0,0)) = q(s(0,1),s(1,0)) possible because s ¢ Frepl,
q(f(0,0), f(0,0)) = q(f(1,1),/(0,0) not possible,

p(f(0,0), f(0,0),0) = p(f(0,1),f(0,1),0)  possible,

p(f(0,0), f(0,0),0) = p(f(1,0),f(1,0),1)  possible,

q(f(0,0),9(0,0)) = q(f(0,1),9(1,0)) possible.

In case one does not paramodulate into Skolem terms, which is known to be
complete, and the standard strategy in all theorem provers that we are aware
of, then all paramodulation steps will be automatically non-separating.

We provide the translations for the derivation rules:
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3.1 Instantiation

Assume that the clause Yy, - - -y, S is an instance of the clause Vi - -z, R
through substitution © and generalization A. We need to construct a proof
that

Vay---x ¥V Var(R) Def(R) — [R]

implies

Yy - ym ¥V Var(S) Def(S) — [S].

Write © = {zy :=t1,..., 2 ;= tx}. We have R-© = S. The generalization A
equals {y1,...,yn}, and none of the y; is free in Va; - - -z, R.

Let [O] be constructed from © as in Definition 16. It is easily checked that
(x :=1t) € [0] implies © € Fpe or x is among the x1, ..., 2. As a consequence
[©] is a substitution and it is possible to construct the proof given in Figure 4.
We justify the proof steps:

S1 Because v, ...,y are not free in Vz; - --x; R, they are also not free in
Vaq - xp ¥V Var(R) Def(R) — [R]. Therefore, the yi, ..., y, are fresh.

S2 If a variable a € Var(.S) occurs in [R], then it also occurs in Var(R). Hence
it is still fresh.

S3 An assumption.

S4 [0] is a well-formed substitution.

S5 It is easily seen that (Def(R) — [R]) - [0] = (Def(R) - [0]) — ([R] - [©]),
but we also need to check that all atoms in Def(R) - [©] are provable. Let

A € Def(R). Then A has form R( [w1],...,[wy], [f(w1,...,w,)] ), where
[ € Frep and f(wy, ..., w,) occurs in R. Because f is not in the domain
of ©, f(wy,...,w,) O occurs in S and equals f(w;-©,...,w,-0). As a
consequence, we have the atom R;([wy-©], ..., [w, O], [f(w1,...,w,)-0]) €

Def(S). From Theorem 17, it follows that this equals

Ry( fws] - [O],. o [wa] - [O], [f(wy, ... wa)] - [O]),

which in turn equals



Fig. 4. Natural Deduction Proof for the Instantiation Rule

V1 ---xp V Var(R) Def(R) — [R]
Fresh y1 -+ - ym S1
Fresh Var(S) S2
Def(S) S3
( Def(R) — [R] ) - [©] S4
[R] - [©] S5
(9] S6

Yy1 - ym V Var(S) Def(S) — [5]

3.2 Equality Reflexivity

Assume that the clause V- --xp R is obtained from Vzq---x t %tV R by
equality reflexivity. We need to construct a proof of the fact that

Vay - --x V Var(t, R) Def(t, R) — [t %tV R]

implies

Vay .-z, V Var(R) Def(R) — [R].

There is no difficulty in showing that [t] % [¢t] V [R] implies [R]. The difficulty
of the proof is the fact that there may be variables in Var(¢, R), with corre-
sponding definitions in Def(¢, R), that do not occur in Var(R) (and Def(R))
For these variables, proper instantiations need to be found. In order to find
these, the seriality axioms are needed.

Write

Var(t, R)\Var(R) = {a1,...,a,}, with n > 0.

Assume that the «; are ordered in such a way that if o; = [s1], «@; = [s2], and
s1 is a subterm of s, then ¢ < j. Write Ay (w1, 1), As(Wa, az), ..., A (Wy, o)
for Def(t, R)\Def(R). Due to the way the aq, ..., q, are ordered, o; does not
occur in w;, if ¢ < j. Using this, we can construct the proof given in Figure 5,
in which the a4, ..., a, are resolved away’ with the seriality axioms.
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Fig. 5. Proof for Equality Reflexivity

Vi - -z V Var(t, R) Def(¢t, R) — [t %tV R] (assumption)

Yoy« xp
Vai Ar(wi, 1) Vaz Az(wa,a2) -+ VYan Ap(Wn,on)

V Var(R) Def(R) — [t %tV R) (rearranging quantifiers)

Fresh 1 -+ -z
Fresh Var(R)
Def(R)

Yoy Al(ﬁl,al) Yoo AQ(EQ,O{Q) -+ Vap An(mnyan)

V Var(R) Def(R) — [t £tV R] (instantiation)
Jar A1(wr,01) (instantiation of seriality axiom for A1)

A (W, o)

Yao AQ(EQ,QQ) <o Vap An(wnyan)

V Var(R) Def(R) — [t %tV R] (instantiation)
Jaz Az (w2, a2) (instantiation of seriality axiom for A2)

Az (wa, az2)

Jan An(Wn, an) (instantiation of seriality axiom for Ay)

An (mny an)

V Var(R) Def(R) — [t %tV R]
t#tV R]
(R]

[R] (3-elimination)

[R] (3-elimination)

[R] (F-elimination)

[R] (3-elimination)

Vzq---xp V Var(R) Def(R) — [R] (V-introduction, —-introduction)
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3.8  Resolution, FEquality Swapping, Fquality Factoring, Permutation

For the other rules, with the exception of paramodulation, it is fairly easy to
show that they can be reconstructed.

In the resolution rule, it is possible that a term with an f € Fgrep as top
symbol occurs in one of the premises, but not in the result. In that case, the
definitions for the terms that do not occur in the result need to be resolved
away, in the same way as with the equality reflexivity rule. One can either do
this directly, or alternatively reformulate the resolution rule as follows:

Vao,-xr AV Ry Vo, -z, AV Ry
Vay oo, up urVe-Vau, #u, VRV Ry

resolution 2

Here uq,...,u, are the subterms that occur in A but not in R; V Ry. After
this, Va1 -2, R; V Ry can be obtained through n applications of equality
reflexivity.

3.4 Non-Separating Paramodulation

The non-separating paramodulation rule is the rule that is the most compli-
cated to translate:

non-separating paramodulation

Vx1-~-:1:k tlxtQVRl Vl’l"'kaz
V:U1~-~:L’k Rl\/R/Q

on the condition that £( R}, Ry-Y ), with € = {t; ~ {5} and ¥ an extension
of £.

As is the case with the resolution rule, there can be terms occurring in one
of the premises that do not occur in the conclusion. One can proceed in the
same way as with the resolution, by keeping the removed terms in negated
equations in the conclusion. However, there is no need to keep the negative
equations since their removal is trivial. It is sufficient to keep the definitions
of the terms that disappeared. The result is the following rule:

\V/l‘l s Tk \V/ Var(tl,tg, Rl) Def(tl,tg, Rl) — [tl =~ t2 V Rl]

and

Vay - xp V Var(Ry) Def(Rs) — [Rs]
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Fig. 6. Proof for Non-Separating Paramodulation

Vxy .-z ¥V Var(ti, t2, R1) Def(ti, t2, R1) — [t1 ® t2 V Ri] (premise)
Vz1 -z V Var(R2) Def(R2) — [R2] (premise)

Fresh z1,...,xk
Fresh Var(t1,t2, R1, R2, R})
Def(t1,t2, R1, R2, R})

[tl} ~ [tg] \Y [Rl] S1

[t1] = [t2]

V Var(Rz2) Def(R2) — [R2] S2
( Def(R2) — [Re] ) - [X] 53
[Ro] - [Z] 54
Ry - %] S5
[R5] S6
[Ra] V [Ry)] 57

[R1]

[R1] V [R) S8

[R1] V [R})] S9

Vey---xp YV Var(tth,Rl,Rg,Ré) Def(t1,t2,R17R2,Rl2) — [Rl vV RIQ}
imply

Vay---xp ¥V Var(ty, te, Ry, Re, Ry) Def(ty, ta, Ry, Ro, Ry) — [R1V Ry |.

Given X, one can define [Y] as in Definition 23. The proof is given in Figure 6.
The proof steps can be just